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Abstract

This internship took place at Cemosis, the Center for Modeling and Simulation in Stras-
bourg, hosted by the Institute of Advanced Mathematical Research (IRMA). It is part of a
larger effort to develop a digital twin of the human eye, combining advanced mathematical
modeling, numerical simulation, and data assimilation techniques. Within this broader
context, the present work focuses on understanding and simulating the effect of heat
on the human eye during laser treatments. The results obtained during this internship
provide a first step toward integrating optical and thermal processes in a comprehensive
framework for simulating and managing ophthalmological applications.
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1 Introduction

1.1 Context
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Figure 1: Eye model (Wikipedia)

The human eye, depicted in Figure 1, is considered the second most complex organ after
the brain. It is composed of various tissues and fluids that work together to enable vision
The eye can be divided into two main parts

e The anterior segment (from the Latin ante before), which includes the cornea
iris, ciliary body, and lens

e The posterior segment (from the Latin post after), which includes the vitreous
humor, retina, choroid, and optic nerve

Each of these structures plays a crucial role in the visual process. The cornea is the
first structure that light encounters when entering the eye and is responsible for refracting
light onto the lens, which further focuses the light onto the retina. In the retina, light
is converted into electrical signals that are transmitted to the brain via the optic nerve

The ciliary body adjusts the shape of the lens to allow focus on objects at different
distances. The iris regulates the amount of light entering the eye by controlling the size
of the pupil.



The aqueous humor is a clear fluid that nourishes the cornea and lens while helping
maintain intraocular pressure. The vitreous humor is a gel-like substance that helps
maintain the eye’s shape and provides support to the retina.

The retina consists of nine layers of neural cells (Figure 2), including photorecep-
tors, bipolar cells, and ganglion cells. It also contains a retinal pigment epithelium
(RPE) layer, which absorbs excess light and provides nutrients to the photoreceptors.
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Figure 2: Section of retina (Wikipedia).

The choroid is a layer of blood vessels that supplies oxygen and nutrients to the
retina. The optic nerve is a bundle of nerve fibers that transmits electrical signals from
the retina to the brain.

The sclera is the white outer layer of the eye that provides protection and structural
support. The conjunctiva is a thin, transparent membrane covering the sclera and the
inside of the eyelids.

The lacrimal gland produces tears that keep the eye moist and help protect it from
infection. The extraocular muscles control eye movement, while the eyelids protect
the eye and distribute tears across its surface. The tear film is a thin layer of fluid
covering the eye’s surface, maintaining a smooth optical surface and helping to cool the
eye.

1.2 Laser Applications in Ophthalmology for Disease Manage-
ment

Laser systems, classified as either continuous wave (CW) or pulsed lasers, are commonly
used in the treatment of various eye conditions. A wide range of ocular pathologies can
lead to vision disorders, many of which can be effectively managed with laser therapy. De-
pending on the condition, lasers may be used to reshape tissue, induce coagulation,



or remove abnormal tissue, making them valuable tools in procedures such as re-
fractive surgery, glaucoma management, retinal vessel coagulation, and cataract removal,
among others.

Given the eye’s complexity and sensitivity, understanding how laser light interacts
with ocular tissues is essential to ensure safe and effective treatments. Moreover,
the optical properties of biological tissues can vary between individuals and
change with heating, making it difficult to accurately predict and optimize treatment
outcomes. The lack of direct measurements in some cases adds another layer of complexity
to the process.

This variability highlights the importance of mathematical models and simula-
tions in ophthalmology. These tools help researchers and clinicians understand and refine
laser treatment parameters for improved precision and safety.

Tables 1 and 2 summarize some of the laser treatments commonly used for the anterior
and posterior segments of the eye while Table 3 provides details on laser surgery types
and key parameters.

Table 1: Laser treatments for the anterior segment of the eye.

Structure Pathology Laser Treatment Reference
Cornea Refractive errors LASIK, SMILE, PRK | |
Keratoconus Corneal cross-linking [ ]
Iris Pigment  dispersion Selective laser trabeculoplasty (SLT) | |
syndrome
Pupil Traumatic mydriasis  Laser iridoplasty / pupilloplasty | |
Ciliary Body Ciliary block glau- Laser cyclophotocoagulation [ ]
coma
Trabecular Open/angle-closure ~ SLT, Argon laser trabeculoplasty | |
Meshwork glaucoma (ALT)
Lens Cataracts Femtosecond laser-assisted —surgery | |
(FLACS)
Presbyopia Laser scleral microporation [ |




Table 2: Laser Treatments

for the Posterior Segment of the Eye.

Structure

Pathology

Laser Treatment

Reference

Neural Retina

RPE

Diabetic retinopathy
Retinal detachment

Age-related macular
degeneration (AMD)

AMD (RPE atrophy,
drusen, CNV)

RPE-related detach-
ment

Panretinal photocoagulation (PRP) [

Laser photocoagulation |
Photodynamic therapy (PDT) [

PDT, Laser photocoagulation [

Laser photocoagulation [

Table 3: Laser Surgery Types with Key Parameters.

Laser Surgery Wavelength Pulse Du- Target Tissue Pathology / Treatment Reference
(nm) ration
Transpupillary 810 60s Bulk eye (several Choroidal melanoma, | |
Thermotherapy mm) Isolated choroidal heman-
(TTT) gioma, Retinoblastoma
Panretinal Photo- 577 /532 50 —200ms Retina or entire Diabetic retinopathy, Reti- | ]
coagulation (PRP) fundus (< 1mm) nal neovascularization,
Choroidal hemangioma,
Retinal hemangioma
Subthreshold 532 / 810 100 ps Retinal pig- Diabetic macular edema, | ]
Diode Micropulse ment epithelium Branch retinal vein oc-
(SDM) (RPE, 10pm  clusion, Central serous
thick) chorioretinopathy,  Inher-
ited retinopathies
Selective  Retina 532 1-10ns Melanin par- Diabetic macular edema, | ]
Therapy (SRT) ticles in RPE Age-related macular de-
(2pm) generation, Central serous

chorioretinopathy

1.3 Laser-Tissue Interaction

Lasers concentrate light into a tightly focused beam. When this beam interacts with
tissue, the light energy can be reflected, scattered, absorbed, or transmitted, as
illustrated in Figure 3. When absorption occurs, part of the light energy is converted
into heat, which can lead to thermal damage in the tissue.



Figure 3: Laser tissue interactions | .

The amount of heat generated depends on the laser parameters (pulse duration,
power, wavelength, beam waist) and the tissue’s optical properties, such as its ab-
sorption and scattering coefficients, which vary between different tissues. Notably,
tissues exhibit different absorption and scattering coefficients depending on the wave-
length of light, influencing how laser energy interacts with biological structures.

To minimize damage to nearby tissues micropulse lasers are often used, they work by
delivering short pulses of light followed by a resting period. This allows the tissue to cool
down between pulses, reducing the risk of thermal damage. When it comes to cutting and
shaping tissues the Femtosecond lasers are now widely used in ophthalmology. These
lasers deliver ultra-short pulses of light that ionize the target tissue, creating a plasma
that can ablate the tissue with high precision, minimal collateral damage, and reduced
thermal effects | |. When thermal damage is desired, for example to coagulate
tissues in the case of diabetic retinopathy, Yellow (577 nm) were found to be preferable
to Green (532 nm) lasers | ]

1.4 Main Objectives

The first step involves creating a geometric model of the eye using preprocessing tools
such as Gmsh | | or Salome | ]. This model will be discretized into a mesh,
which will be used to simulate the heat distribution in the eye tissues.

For simplicity, we will initially assume that the absorption and scattering coeffi-
cients are known and constant. Using this mesh model, we will solve the Pennes Bioheat
equation coupled with the radiative transfer equation (RTE) to simulate the temperature
in the eye. The simulation will be performed using the finite element method (FEM)
[ |, implemented in Feel++ | .

Once we have a solid understanding of the direct problem, we will transition to the
inverse problem, which involves estimating the absorption and scattering coefficients
of eye tissues based on observed temperature distributions. In the context of eye surgery,



temperature data can be captured using an infrared camera. To solve this inverse prob-
lem, we will employ the Ensemble Kalman Filter (EnKF) | Il |, specifically
tailored for parameter estimation.

1.5 Software and Libraries

To create the eye model and mesh it we will use Gmsh | |, a powerful 3D finite element
mesh generator with a built-in CAD engine and post-processor, and Salome | |, an
open-source software that provides a generic platform for pre- and post-processing for
numerical simulation.

As for our simulations, our primary tool will be Feel++ | |, a robust and
efficient open-source C++ library designed for solving partial differential equations using
the finite element method | |-

1.6 Outline

The report is structured as follows: Chapter 1 introduces the scientific and practical
context of this work, the problem formulation, and the motivations for addressing it.
Chapter 2 reviews the state of the art, covering both theoretical and computational
approaches that are relevant to our study, and highlights the gaps that motivate our
contribution. Chapter 3 details the mathematical modeling of the problem, including the
governing equations, assumptions, and physical parameters. In Chapter 4, we present
the computational framework and numerical methods employed to solve the problem.
Chapter 5 describes the numerical implementation and simulation setup, with particular
emphasis on the computational framework and parameter choices. Chapter 6 discusses
the obtained results. Chapter 7 gives an overview of the inverse problem formulation for
future work. Finally, Chapter 8 summarizes the key findings of this work, while Chap-
ter 9 outlines possible extensions and future research directions. The appendices collect
additional derivations and technical details, and the bibliography provides references to
the sources used throughout the report.

2 State of the Art

Understanding the thermal response of the human eye to laser radiation has been an
active research topic for several decades. Early studies primarily focused on finite ele-
ment modeling (FEM) of temperature distribution in ocular tissues, while more recent
studies incorporate complex bioheat transfer models, multiple wavelengths, and
pulsed laser interactions. In this chapter, we review key contributions to the field,
categorized into historical models, recent advancements, and studies on pulsed laser in-
teractions.



2.1 Historical Studies on Ocular Thermal Modeling

Early research on thermal modeling of the eye primarily employed finite element
methods (FEM) and aimed to understand temperature distribution under normal con-
ditions or exposure to external heat sources.

e A. F. Emery et al. (1975) | |: One of the first studies using FEM to
simulate temperature distribution in a 2D rabbit eye exposed to microwaves.

e J. J. W. Lagendijk (1982) | |: Developed a thermal conduction model
to study heat transfer in human and rabbit eyes during hyperthermic treatment.
Introduced both steady-state and transient simulations.

e J. A. Scott (1988) | |: Applied the bioheat transfer equation to model
heat transport in the human eye. Focused on temperature distribution in an
unexposed eye.

e Ng et al. (2008) | |: Conducted a comparative study between 2D and
3D human eye models. Simulated steady-state conditions but neglected blood
perfusion.

2.2 Recent Advances in Laser-Ocular Thermal Modeling

More recent studies have incorporated laser energy absorption models, 3D sim-
ulations, and refined bioheat transfer models to analyze the interaction of laser
radiation with the human eye.

e Cvetkovi¢ et al. (2008) | |: Introduced a 3D FEM model incorporat-
ing the Pennes bioheat equation and a laser absorption model based on the
irradiance at the retina I,.

e Narasimhan and Jha (2011) | |: Simulated multi-spot laser irradiation
in the fundus of the eye using FEM.

e Mirnezami et al. (2013) | |: Extended the work of Cvetkovi¢ by consid-
ering multiple laser wavelengths.

e Heussner et al. (2014) | |: Developed a more detailed computational
model incorporating vectorial blood flow in the choroid to improve temperature
and damage predictions.

e Joukar et al. (2015) | |: Conducted a comparative study on the thermal
effects of three different lasers: Nd:YAP, Nd:YAG, and ArF.

e Sahar Rahbar (2018) | |: Modeled linear thermal effects of ArF (193
nm) and Ho:YAG (2090 nm) lasers on the anterior eye layers.

10



e Aflalo et al. (2020) | |: Investigated optimal laser wavelength for
diabetic retinopathy. Used a layered Monte Carlo (MCML) model for
detailed light propagation and a full-eye FEM model.

e Truong et al. (2022) | |: Simulated heat transfer in retinal tissues
and investigated the effects of different laser beam intensity profile (’top-hat’,
Gaussian and ’donut’ modes) on temperature distribution.

2.3 Pulsed Laser Interactions with Ocular Tissue

A specialized area of research focuses on pulsed laser interactions and their thermal
effects on the human eye, particularly in retinal photocoagulation.

e Semenyuk (2017) | |: Developed an analytical approach for multi-pulse
laser beam interaction with retinal tissue. Studied Gaussian uniform lasers at
514, 532, and 577 nm.

e Zhao et al. (2023) | |: Introduced a coupled bioheat transfer model
for whole-eye simulation in retinal laser surgery. Considered a fundus mod-
eled as a porous tissue matrix and simulated a single-spot laser interaction.

2.4 Parameter Estimation in Biological Tissues

Among the many interesting contributions in this area, we mention here those that are
most closely related to our work.

e Arnold et al. (2014) | |: Introduces an adaptation of the ensemble Kalman
filter (EnKF) for deterministic stiff systems, allowing parameter and state estima-
tion using indirect, noisy observations. The method incorporates spatial priors and
interprets numerical errors as stochastic drift. Demonstrated on metabolic models,
it enables parallel computation and improved stability in high-dimensional, ill-posed
problems.

e Arnold and Fichera (2022) | |: Proposes a computational framework using
EnKF to estimate the absorption and scattering coefficients of laser-irradiated tis-
sue, based on thermal response observations. The method can track time-varying
optical properties and is compatible with clinical setups using simple thermal sen-
sors. It also estimates additional thermal parameters like heat capacity and con-
ductivity through simulated studies.

2.5 Summary and Future Directions

The evolution of laser-ocular thermal modeling has transitioned from simplified 2D
FEM models to detailed 3D simulations incorporating bioheat equations, blood

11



perfusion, and multiple laser wavelengths. However, challenges remain, particularly
in:

e Personalized modeling: Accounting for inter-patient variability in tissue op-
tical and thermal properties.

e Dynamic tissue response: Including real-time changes in perfusion and heat
dissipation.

e Pulsed laser optimization: Refining energy deposition models for retinal
photocoagulation and laser surgery.

Ongoing research continues to refine these models, leveraging machine learning,
Monte Carlo methods, and patient-specific simulations to enhance precision and
safety in ophthalmic laser treatments | ; .

3 Mathematical Modeling

In this chapter we introduce the mathematical models that will be used to simulate the
heat and light distribution in the eye tissues. We will consider the Pennes Bioheat
equation to model the temperature distribution in the eye, coupled with the radiative
transfer equation (RTE) to model the propagation of light in the eye. For the RTE we
will also consider the fluence equation, which is derived under the diffusion approx-
imation, as well as the Monte Carlo approach to simulate the light propagation in the
eye.

We will consider a domain €2 representing the human eye, which is composed of 10
subdomains, with boundaries described in Figs. 4 and 5, respectively.

Sclera Choroid

Cornea

Lamina Cribrosa

Vitreous
humor

Optic Nerve

Y

Retina Q T

z

Aqueous
humor

Figure 4: Vertical cut of the geometrical model of the human eye, with the different
regions of the eye | |.
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Figure 5: Description of the physical boundaries and interfaces of the domain [SPS24].

3.1 The Pennes Bioheat Equation

The Pennes bioheat equation is a mathematical model that describes the heat transfer
in biological tissues, taking into account the effects of blood perfusion, metabolic heat
generation, and external heat sources. It is given by the following equation:

o aT. 10
Picpia—tl — V- (V) = Qi+ Qumi + Qpi on {2 = H Q,,
Ty i = o (T~ Tow) 9T — T+ B on Pa,
(i) (i) (i)
L —k; VT -n; = hbl(Ti - Tbl) on Fbody7

(1)

where:

pi is the density of the different materials [kgm |,

C,, is the specific heat capacity of the different materials [Jkg™'K™],

T; is the temperature of the material [K],

k; is the thermal conductivity of the different materials [Wm™ K=,

Qy,; is the laser source term [Wm™?],

e Qu; is the metabolic heat generation term [Wm ™2,
e (), is the perfusion heat generation term [Wm ™|,
® h,p 1s the air-surface heat transfer coefficient [Wm_ZK_l],

e Tomb is the ambient temperature [K],
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o is the Stefan-Boltzmann constant [Wm ™ ?K~4|,

¢ is the emissivity of the surface |[dimensionless|,

E is the evaporation rate [Wm ™2,

hpy is the blood-surface heat transfer coefficient [Wm 2K~!],

Ty, is the blood temperature [K],

n; it the normal vector to the surface of the specific material.

The term (i) represents the convection heat transfer between the eye surface and
the surrounding air, the term (i7) represents the radiation heat transfer between the eye
surface and the surrounding air, and the term (7ii) represents the cooling due to tears
evaporation.

To ensure we don’t have any heat jump at the interfaces between materials, we impose
the following continuity conditions:

{ T, =T, on ; NQ;, )

]{/’ZVE Ny = —k?JVCTJ *n; o1 Qz N Qj.

The boundary conditions on Iy, in (1) represent the heat transfer between the eye
surface and the surrounding air. It’s non-linear and computing intensive, to simplify it,

we may consider the approximation proposed in | |:
oe(T* = Ty) = (T = Tawp) 06(T° + T2, (3)
—_—
=hy

which allows us to rewrite the boundary condition on I',,,;, as:

—kVT cn = hamb(T — Tamb) =+ hr(T — Tamb) + E, (4)

where h, is the radiation heat transfer coefficient which we will consider as a constant
valued at 6 Wm ?K~! | ).

If needed, solving the steady state of the Pennes equation with @;; set to 0 allows
us to model the effect of body and environmental interactions on the eye providing an
initial condition for the transient simulation.

3.2 The Radiative Transfer Equation (RTE)

The radiative transfer equation (RTE) describes the propagation of light in a medium,
it is given by:

14



10
——+ 8- VA pa(r) + ps(r) | L(r,s,t) = ps(r) / L(r, s, t)5(s,s)ds' + Q(r, s, t), (5)
cot \(g’ —_— . N
v (1) A ~~ d (iv)
(iid)

where:

e L(r,s,t) is the radiance at position r, in direction s, at time ¢ [Wm™?],

c is the speed of light [ms™!],

e /i,(7) is the absorption coefficient at position r [m™!],
e 14(r) is the scattering coefficient at position r [m™?],
e [(s,s’) is the phase function |dimensionless|,

e Q(r,s,t) is the source term [Wm ™.

The advection term (i) represent the directional transport of light, the term (i7)
represent the interaction of light with the medium through scattering and absorp-
tion, the term (7i7) represent the scattering of light in the medium, and the term (iv)
represent and external source of light.

The resolution of the RTE is complex and requires accounting for both the directional
transport of light and the interaction of light with the medium through processes like
scattering, absorption, and emission. The high dimensionality of the problem (involving
both spatial coordinates and directional angles) makes solving the full RTE computation-
ally expensive. Approximations are often made, particularly in scattering-dominated
media.

3.3 The Diffusion Approximation

The diffusion approximation of the RTE (also referred to as the fluence equation) is
derived from the RTE under the diffusion approximation, which is valid when scattering
dominates over absorption, i.e. when p, < . In this configuration, multiple scattering
events randomize photon directions, and the radiance field becomes nearly isotropic, so
light transport can be modeled as a diffusion process rather than directional propagation.

To derive the diffusion approximation, we make two main assumptions:

1. Nearly isotropic radiance: After multiple scattering events, the angular distribu-
tion of radiance is almost isotropic. This allows us to expand the radiance L(r,s,t)
in spherical harmonics and retain only the first two terms (P, approximation):

1
L(r,s,t) ~ E@(r,t) + %J(r,t) -8,

where ®(r,t) = [, LdQis the fluence rate and J(r, ) is the photon current density.

4
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2. Slowly varying flux: The fractional change in J(r,t) over one transport mean
free path is negligible. This allows us to relate the flux directly to the gradient of
fluence via Fick’s law:

1

t) = —DVo(r,¢ D=—"
J(r7 ) V (r’ )7 3(Ma+u;)7

where D is the diffusion coefficient and p), = (1 — g)us is the reduced scattering
coefficient.

Substituting Fick’s law into the scalar RTE gives the diffusion equation for the fluence:

10®(r,1)
c Ot

+ pa®(r,t) = V- (DV®(r,t)) = S(r,t),

where S(r,t) is an isotropic source term. Notably, only the reduced scattering coefficient
. appears in the diffusion coefficient, meaning that the diffusion behavior is unaffected
by changes in the anisotropy ¢ as long as p/, remains constant | .

We complete by adding the desired boundary and interface continuity conditions:

rlaq)"_v.(D-VcIy)—ku D, = Nasers onQ—Lle-

C 8t i i a¥i aser,? = v
(I)i + 2061D1V(I)z Ny = (I)amb on Famba (6)

(I)i + ZQZDZVCI)Z -n; =0 on 891 \ 1—‘amba

(I)i:q)j on QZOQ]

where:

e c is the speed of light [ms™!],

e @ is the photon fluence rate [Wm™?|,

e D; = ——— is the diffusion coefficient of the different materials [m?s™!],
B(Ma,i + :us,z')

e /i, is the absorption coefficient of the different materials [m™!],

o . = jisi(1—g) is the reduced scattering coefficient of the different materials [m~"],
e ¢ is the anisotropy factor [dimensionless],

® [laser; 1S the laser source term [Wm™?],

e ®,.p is the photon fluence rate from ambient light [Wm™2],

B 14+ R;
1—-R;

e 7, is the normal vector to the surface of the specific material,

° is the albedo of the different materials [dimensionless],
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e R; is the coefficient of reflection of the different materials [dimensionless| given

by]| ]:

R; = —1.44n% + 0.7099n" 4 0.668 + 0.0636n,, (7)

where n, denotes the refraction index of the surrounding environment.

The Robin boundary conditions on 0f2; in (6) represents the interaction of light be-
tween the two media. The term ® represent the fluence rate and thus account for the
light intensity at the interface, while the term 2a;D;0,® represents the diffusion of light
at the interface between the two media. The factor a; accounts for the reflection of light
at the interface which depends on the refraction index n, of the surrounding environment.

Similarly to the heat equation, to ensure we don’t have any fluence jump at the
interfaces between materials, we impose the following continuity conditions:

P, = CI)j on ;N Qj, (8)

at the interface between two adjacent regions 2; and €2;.

3.4 Pennes and Diffusion Approximation Coupling

We can now use the fluence rate to define the heat generation term @ [Wm ™| in the
Pennes equation 1. The heat generation term represents the energy deposited in the
tissue by the laser. It is proportional to the absorption coefficient and the photon fluence
rate:

Qlaser,i = ,ua,iq)i .

The coupling between the heat and fluence system is then given by:

(
%a;: — V- (DiVP) + 10, @5 = Dasers on Q,
oT;
Picpig =V (kiVT;) = Qui + Qui + Qpy on (2,
—kNVT; -n; = ho(T — Thy) on I'yoqy,
—k;NVT; - n; = hampn (T — Tan) + he(T — Tomp) + £ on T,
b+ 20,D,VP-n; = D on 'y,
®; +20;,D;VP; -m; =0 on 9Q; \ Tamb,
T, = T; on €; Ny,
\ ®;, = P, on 2; N Q.

(9)

3.5 Physical Parameters

Physical parameters play a crucial role in determining the behavior of the laser-tissue
interaction and the resulting temperature distribution. Values and distributions need to
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be researched thoroughly and accurately to ensure precise modeling. Key parameters
include the absorption coefficient, scattering coefficient, thermal conductivity, specific
heat capacity, and density of the tissue. These parameters influence how the laser energy
is absorbed, scattered, and converted into heat within the tissue, ultimately affecting the
temperature rise and thermal damage. Table 4 provides a summary of the key physical
parameters for modeling laser-tissue interaction, along with baseline values and possible
ranges or distributions.

Parameter Symbol Units Baseline Value Range or Distribution

Absorption Coefficient Iha m~! 50-300 Lognormal or Uniform within range
Reduced Scattering Coefficient i, m~! 10003000 Uniform or Gaussian (e.g., 1000 & 300)
Anisotropy Factor g — 0.8-0.95 Narrow distribution around mean, e.g., 0.9 &+ 0.05
Diffusion Coefficient D= m m2s~! 1x107* Derived from fi,, f¢, distribution

Photon Fluence Rate O(7t) Wm 2 Depends on source  Determined by laser power and tissue optics
Laser Source Term S(7,t) Wm 3 Problem-dependent Based on laser intensity profile

Tissue Density p kgm™® 1000-1100 Normal distribution (e.g., 1050 % 50)
Tissue Specific Heat Capacity ¢, Jkg 'K~ 3600-4000 Uniform (e.g., 3800 + 100)

Thermal Conductivity k Wm™'K-! 0.50.6 Narrow Gaussian (e.g., 0.55 £ 0.05)
Blood Density Py kgm™® 1000-1060 Similar to water (uniform)

Blood Specific Heat Capacity ¢, JkgT'K=1 36004000 Similar distribution as tissue ¢,

Blood Perfusion Rate Wy 57! 0.001-0.01 Lognormal, depending on vascularization
Arterial Blood Temperature T K 310 (37°C) Fixed or normal (310 £ 0.5)

Metabolic Heat Generation Qumet Wm ™3 100010, 000 Highly variable, lognormal

Laser Heat Generation Qraser = Ha® W m™? Problem-dependent Derived from g, and ® distributions
Initial Tissue Temperature T(7,0) K 310 Uniform or normal around baseline
Laser Power r W 0.1-10 Determined by laser setup

Beam Waist w m 1x 1075 x 10™*  Determined by laser setup

Laser Focal Point (Mg, my, m.) m Problem-dependent Determined by laser setup

Refractive Index N, — 1.33-1.42 Uniform or normal distribution

Table 4: Summary of key physical parameters for modeling laser-tissue interaction. Val-
ues and distributions are exemplary and should be adjusted based on specific experimental
or clinical data.

e Absorption Coefficient (u,)

— Depends on laser wavelength and tissue type.

— Given in Table 5 for various ocular tissues at 577 nm.
e Reduced Scattering Coefficient (i) | |

— Accounts for the scattering events that effectively change the direction of pho-
ton propagation.

— Ocular tissues exhibit p/, values ranging from 1000 to 3000 m~!, depending on
the type of tissue and wavelength.

— For ocular fluid, the reduced scattering coefficient is typically low and can be
approximated by the reduced scattering coefficient of water which is negligible.

e Anisotropy Factor (g) | ]

— Indicates the average cosine of the scattering angle; values close to 1 imply
forward-directed scattering.

— For ocular tissues, g typically ranges from 0.8 to 0.95.

e Diffusion Coefficient (D):
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— Describes the rate at which light diffuses through tissue.

— Derived from D =

1
3(pa + 1)

e Refractive Index (n,):

— Determines the speed of light in the medium.

— Qiven in Table 6 for various ocular tissues at 577 nm.

e The other parameters are discussed in |

| and |

Note that we chose to use the absorption coefficient and refractive index for a 577 nm
wavelength since it’s considered the best for diabetic retinopathy treatment | |.

Table 5: Values of absorption coefficient at 577 nm.

Tissue Absorption Extinction Sample Reference
coefficient (cm™!) coefficient x (-)  type

Cornea 0.23 1.045 animal  Regal et al |
Aqueous Humour 0.47 2.144 animal  Regal et al |

Iris 28.02 1.287 animal  Regal et al |
Ciliary Body 0.08 3.747 human  Cvetkovi¢ et al |
Lens—Anterior Part  0.05 2.186 animal  Regal et al |
Lens—Posterior Part 0.05 2.186 animal  Regal et al |
Vitreous Humour 0.47 2.144 animal  Regal et al |
Retina 5.94 2.728 human  Cvetkovié et al |
RPE 1000.0 4.592 animal  Aflalo et al |
Choroid 35.59 1.634 animal  Regal et al |
Sclera 3.55 1.630 animal  Regal et al |
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Table 6: Refractive index of eye tissues at 577 nm.

Tissue Refractive in- Sample type Reference

dex (n)
Cornea 1.375 human Liou and Brennan |
Aqueous Humour 1.335 human Liou and Brennan |
Iris 1.385 animal Regal et al. | |
Ciliary Body 1.380 — Nemati | ]
Lens—Anterior Part®  Grad A human Liou and Brennan |
Lens—Posterior Part®  Grad P human Liou and Brennan |
Vitreous Humour 1.335 human Liou and Brennan |
Retina 1.377 animal Enping | ]
RPE 1.377 animal Enping | |
Choroid 1.356 animal Regal et al. | |
Sclera 1.366 animal Regal et al. | |

@ Grad A = 1.367 + 0.049057z — 0.01542722 — 0.001978w?
b Grad P = 1.406 — 0.00660522 — 0.001978w?

Additionally, laser settings such as the power, wavelength and duration can greatly
vary depending on the type of eye disease being treated, in the Table 7 we present some
common laser treatment methods used for eye diseases.

Table 7: Common laser treatment methods used for eye diseases | |.
Treatment Disease Target Laser Interaction
LASIK Vision correction Cornea Excimer (0.1 MW, Vaporization, shap-

1 mJ, 10-20 ns) ing
Capsulotomy Cataract Lens Nd:YAG Ablation
Vitreolysis Vitreous hemor- Vitreous humor Nd:YAG Vaporization
rhage
Retinal surgery Retinal diseases Retina, sclera Nd:YAG (0.2-0.5 Photocoagulation
W, 100-200 ms) (60°C)
TTT Tumors Posterior eye IR diode Thermal effect

(melanoma)

4 Mathematical and Computational Framework

In this chapter we presents the mathematical and computational tools used to model
light propagation and heat transfer in biological tissues. The first part introduces the
Monte Carlo method for solving the Radiative Transfer Equation (RTE-MC), describ-
ing the main mechanisms of photon propagation, scattering, absorption, and interface
interactions, as well as techniques such as Russian Roulette to efficiently manage photon
weights.
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Next, we discuss the coupling of the RTE-MC solution with the Pennes bioheat equa-
tion, which allows the evaluation of temperature distributions induced by laser irradiation.
The chapter then develops the variational formulations of both the heat equation and the
diffusion approximation, providing a foundation for numerical discretization.

Finally, the chapter details the finite element discretization of the governing equations
and the temporal schemes employed for time-dependent simulations.

4.1 The Monte Carlo Method (RTE-MC)

As we saw the RTE is complex and requires accounting for both the directional transport
of light and the interaction of light with the medium through processes like scattering,
absorption, and emission. The high dimensionality of the problem (involving both spatial
coordinates and directional angles) makes solving the full RTE computationally expen-
sive. Approximations are often made, particularly in scattering-dominated media like
we did with the diffusion approximation, the downside of this approximation is that
it is not valid in all cases, especially when the absorption coefficient is high like in the
retina. Indeed, the retinal pigmented epithelium (RPE) is known to have a very high ab-
sorption coefficient, making the diffusion approximation less accurate. Another approach
to solve the RTE is to use a Monte Carlo based method which is a statistical method
that simulates the propagation of photons through a medium by tracking the paths of
packet of photons. This method is particularly useful for simulating light propagation
in complex geometries and heterogeneous media, such as biological tissues. The Monte
Carlo method is based on the principle of random sampling and uses a large number
(millions) of simulated photons to estimate the light distribution in the medium.

4.1.1 Photon Propagation

We start by defining the attenuated energy F,i as the sum of the absorbed energy F.psorn
and the scattered energy Fgcatt:

Eatt - Eabsorb + Escatt- (10)

We then use the Beer-Lambert law to describe the attenuated energy, for a uniform
medium of length x under the influence of a monochromatic light source of Ny photons,
the number of transmitted photons N, is given by:

N, = Noe HaTeHs®, (11)

where i, is the absorption coefficient and p; is the scattering coefficient. Posing
the coefficient of attenuation as p; = g + s, we can rewrite the equation as:

N, = Nye H7, (12)
We then compute the distance x the photon travels before being absorbed or scattered

using the exponential distribution, we start by showing that the cumulative distri-
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bution function (CDF) of the exponential distribution is inversible:
fo(@) = e Las0y

Fy(z) = /_ ; fo(t)dt = /0 ’ e Mt

(13)
o
= ,LLt — e
Lt 0
— 1 — e_utxl].{xzo}
which strictly decrease in Rt and thus is indeed invertible. This inverse is given by:
y=1—e*" ye(0,1)
eHMt=1—y (14)
— ez =In(1 —y)
Since y € (0,1), we have { =1 —y € (0,1) and thus:
1
si=x= _In© (15)
Mt

Where ¢ is a random number uniformly distributed in (0, 1) and s is the distance traveled
by the photon in the medium.

Explanation: This inverse transform sampling allows us to generate random photon
path lengths that follow the correct exponential distribution. By drawing a uniform
random number ¢ and applying the inverse CDF, each photon is assigned a physically
consistent free path.

4.1.2 Photon Scattering

For the scattering process, we use a phase function p(f) which describes the angular
distribution of light scattering. It represents the probability that a photon, upon in-
teracting with a medium, is scattered into a direction defined by the angle 6 (and ¢ if
considering the full 3D case). This function is normalized such that

/p(9, ¢)dQ2 =1,
Q

where the integration is over the entire solid angle.

A commonly used phase function in Monte Carlo photon transport is the Henyey-
Greenstein (HG) phase function | ; |:

1—g?
(1+ g2 —2gcosf)*?

p(cosf) =

where g = (cosf) € [—1, 1] is the anisotropy factor representing the degree of forward
scattering. This function effectively captures the anisotropic scattering empirically ob-
served in many biological tissues. This function is also a density of probability, indeed,
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if u := cos @, we have Yu € (—1,1),p(u) > 0 and,

- 11— [ 1— g2
forton =5 [ o 19
_1-g = ] (17)
2 gV/1+¢*—29u] |
- - 1 18)
2 |VIi+¢ =29 1+g*+2g
C1-ge
T2 |V Varor )
 29(1—-4¢%)
- 29(1-g(1+9)) 20)
~ 1. (21)

Its cumulative distribution function (CDF) is given by:

F(u)—/ p(u)du (22)

_1_g2/t 1
2 14/ 14+ ¢*>—2gu

1—g2 1
- 2 (24
9V 1+9°—2gu o

du (23)

1—g° 1 1

2 _\/(1—|—g2—2gu) V(L + g2 +2g)

(25)

We have that F(u) is strictly increasing in (—1,1) and thus is invertible. The inverse is
given by:

1—g¢? 1 1
y=—>1 - (26)
2 V1+g2—2g9u +/1+g*>+2g
2 1 1
= ygzz - (27)
l—yg V14+¢g2—2gu l+g
2 1 1
& yg2+ = (28)
l—g* 149 /1+¢>—2gu
2yg(1 1—¢2)\? 1
(1-9¢>)(1+9) 1+ g* —2gu
(1+9)(1-g% )2 )
& =1+9"—29u 30
(2yg(1+g)+(1—92) 30)
1 1—¢% \’
VN u=— (14— (—I — 31
29( ! <2yg+1—g>> 3
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Let X be a random variable uniformly distributed in (0, 1), we can sample the angle
f using the inverse of the CDF"

2X — 1, if g ~ 0,

2

_ _ 2

cos = q 14 g2 — (1_2+929X) ‘ (32)
, otherwise,

29

o= Lo (1o ) (33)
— arccos 2g g 29X+1_g .

The scattering angle 6 is then used to update the direction of the photon after scattering:
sin(6) sin(¢)
photon direction(z,y, z) = | sin(f) sin(¢) (34)
cos(6)

and thus:

where ¢ is the azimuthal angle, which can be sampled uniformly in [0, 27]. The new
position is then given by:
' =z + ssin(f) cos(¢)

y' =y + ssin(f) sin(¢) (35)
2 =z + scos(h)

4.1.3 Photon Absorption

When space is discretized into a mesh, the photon will travel through the mesh and
deposit energy in the elements it traverses before eventually reaching an interface or
exiting the medium. The intersection between the photon path and the mesh elements
are located using a Bounding Volume Hierarchy (BVH) data structure, which allows
us to efficiently find the next intersection point with the mesh elements. The energy
deposited in each element is given by:

Ha Y
Ai=w-— (1 —e #2%
w " ( e )

where:

e A;: is the energy deposited in element i
e w: is the weight (i.e. the energy) of the photon (initialized at 1),
® [y = [, + ps: 1s the total attenuation,

e As;: is the path length in element .

The remaining weight of the photon after absorption is updated as:

W= w - e MBS
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This loop runs until the photon reaches an interface or exhausts its path. If the ray
continues beyond the last known intersection we consider the tail segment of the step,
which is the remaining distance to the last intersection point:

Atail =w - % . (1 — e_Nt'Stail)

where:

® Siail = S — tast: 18 the remaining distance,
e Ai.: is the energy deposited in tail element,

e w ¢ w-e Ml js the update weight.

If the tail lies in a valid mesh element, the energy is deposited and the photon advances.
This ensures all traversed regions contribute to absorption, including the “tail” of the step.

4.1.4 Interface Handling

When a photon reaches an interface, we need to determine whether it is transmitted or
reflected as shown in Figure 6.

interface

Figure 6: Fresnel equations illustrated (6; = 6,.)(Wikipedia)

where,

e 0; is the angle of incidence,
e 0, is the angle of reflection,

e 0, is the angle of transmission.
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This decision is made using the Fresnel equations which describe the reflection and
transmission of light at an interface between two media with different refractive indices.
The Fresnel equations give the reflection and transmission coefficients for both perpen-
dicular and parallel polarizations of light. The coefficients are given by:

2

| nicos(6s) — nycos(6;)

= ny cos(6;) + nycos(6,)| (36)
| n1cos(0;) — nycos(8,) 2

o= ny cos(0;) + nacos(6,)| (37)

where:

e n; and ny are the refractive indices of the two media,
e 0, is the angle of incidence in the first medium,

e 0, is the angle of refraction in the second medium, which can be computed using
Snell’s law:
ny sin(6;) = nysin(6,). (38)

We neglect the polarization of the light and consider the average of the two coefficients,
the probabilities of reflection and transmission are then given by:

R, +R
Preﬂect - J_—H (39)
2
Ptransmit =1- Preﬂect~ (40)

To improve computation speed while keeping accuracy, we will use the Schlick approx-
imation|21| instead of the Fresnel equations to compute the reflection coefficient:

R=Ro+ (1 - Ro)(1—cos(6)), (41)

where Ry is the reflectance at normal incidence, given by:

Ry = <"1_”2>2. (42)

n1+n2

Using the Schlick approximation allows us to compute the reflection coefficient more
efficiently which can be crucial for real-time applications, our average absolute mean
error of the Schlick approximation compared to the Fresnel equations is around 0.044269
(cf. Appendix 9).

If the photon is reflected, we update its direction using the reflection law:

sin(f) sin(¢)
photon direction(z,y, z) = < sin(f) sin(¢) (43)
— cos(0)

If the photon is transmitted, we update its direction using Snell’s law:

sin(6,.) sin(¢)
photon direction(z, y, z) = < sin(,) sin(¢) (44)
cos(6,)
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The new position is then given by:

2’ = x + ssin(f) cos(¢)
Y =y + ssin(f) sin(o) (45)
2 =z + scos(h)

4.1.5 Russian Roulette

As the photon propagates and undergoes multiple interactions, its weight w (representing
its energy) typically decreases rapidly due to absorption and scattering events. Tracking
all low-weight photons is computationally inefficient and often contributes negligibly to
the overall solution.

To mitigate this while preserving statistical correctness, we employ the Russian Roulette
technique. When the photon’s weight falls below a predefined threshold wy,;,, we stochas-
tically decide whether to terminate the photon or allow it to continue with a renormalized
weight.

Let p € (0,1) be the survival probability. The algorithm proceeds as follows:

Algorithm 1 Russian Roulette

Require: Photon weight w, minimum weight threshold wy,;,, survival probability p
1: if w < wp, then

2 Sample a realization & ~ (0, 1)

3 if £ <p then

4: Photon survives: w < %

5: else

6

7

8

Photon is terminated
end if
. else
9: Photon continues with weight w
10: end if

This method ensures energy conservation in expectation:
w
E[wafter] =Pp- E + (1 —p) -0 = w,
which maintains the unbiased nature of the Monte Carlo simulation.
4.1.6 RTE-MC Summary

The process of the Monte Carlo method for solving the RTE can be summarized in the
following flowchart:
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Launch photon packet

Sample path length

yes
/ Interface hit? Transmission or Reflection

no

Energy deposition in each element

Scattering

Russian Roulette

yes
Alive ? /

no

Terminated

4.2 Pennes Bioheat and RTE-MC Coupling

We can now couple the RTE-MC with the Pennes bioheat equation to model the inter-
action of laser light with biological tissues on the domain 2 = U£1 Q;:

(46)

pCp,i% — V- (kVT) =84 Qmi+ Qp; on
S =PA

where P is the power of the laser [W| and A is the normalized absorption map
obtained by solving the RTE-MC.

4.3 The Variational Formulation

In this section, we derive the variational formulation of the heat and fluence equations.
This approach is obtained by multiplying the PDEs by test functions and integrating
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over the domain, ensuring the equations are satisfied in a weak sense. Integration by
parts (divergence theorem) reduces the order of derivatives, and boundary conditions are
naturally incorporated. This formulation is fundamental for numerical methods like FEM
and provides a framework for proving solution properties such as existence and stability.
Since ® and T both requires finite energy and well-defined gradients, we will consider
them in the following functional spaces:

HYQ) = {v e L2(Q) | Vo € LX)},

known as the H' Sobolev space.

4.3.1 The Variational Formulation of the Heat Equation

Let v € H'(Q) be a test function, we have:

oT;
iCi—lvdx—/ k‘iVTZ--Vvdx] = / o @ivdz,
2| poniee= 2"

applying Green’s theorem (divergence theorem) yields:

T.
Z [/ piCpi&v dz — / k;oVT; - n;ds +/ k;Vv - VT dm} = / Vg, P; dx.

applying the boundary and interface conditions from (1) and (2), yields:

oT;

+ / 0 by (T — Topa) +E ds — Z/ vk;VT; - n; ds
T —— i 0

‘S}'\ LambUlbod
:thy‘thgmb ' { o ° y}

—l—Z/Qikin.VTida::Z/inuai@idx.

which we can rewrite as:

oT;
piCp,—vdz + /
22:/91 ’ at 1—‘body
- Z / kiV T - mids + 2 :/ kiVu - VT, dx = / vhy Ty ds
i aQi\{FAmbUFbody} i Q; r

body

o hua(Ty — Tiy) ds + / 0 M (T, — T dls
v 1—‘amb ~ v -

=hp1 T —hp1Th =hambTi—hambTamb

body

amb

vhiT; ds + / 0 [hawnTi + heT}) ds

1_‘amb

+ / U [Pt Tomb + 1eToway — E] ds + ) / Vpta, ®; da.
r T J

amb

We pose:

oT;
ar(T,v) :Z/Q'piC’piEvdx+/r

—Z/ k'iVTi.nids—l—Z/ V- VT dr,
% 89i\{Famburbody} i Q;

lT(’U) = / thlTbl ds +/
1—‘body r

vhyT; ds + / v [hambTi + hrTZ] ds

Fanm

0 [P Lo + T — E) ds + > / Vpta, ®; .
i Y

amb
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4.3.2 The Variational Formulation of the DA

Let v € H'(Q) be a test function, we have:

10,
(D; VO, D, = I
; {/Q T / V- (D;V )vdas+/Q Ha, vdx} Z/Q Jaser,i U A,

i

applying Green’s theorem (divergence theorem) yields:

109,
Z [/ - / vD,V®, -n,ds +/ D;Vv-Vo,dx +/ fa, Piv dx] = Z/ DNaser,iv dz,
; o ¢ Ot 09; Qi Qi (o8

%

applying the boundary and interface conditions from (6) yields:

109, <I>am
>/ [ DY |
7 Q'L ¢ at I—‘amb Q \deb 2051
+Z/ D;Vv -V, da:—l—Z/ ,uaiq)ivd:z::z:/ DNaser,iv d.
which we can rewrite as:
109,
- d
O e LD DY I
(I)am
+Z/ D¢VU-V(I)idx+Z/ ,uaiq)ivdx—Z/ Ilasem-vdx—/ v > ds.
PREAYR 5 I . I Q;

1—‘amb

We pose:

1 8<I>
o (P, - ‘q
v) Z/Q cot’ /Fab 20 S+Z/Q\Famb 20‘%
+ Z/Q D;Vv - V&, dzx + Z/Q fta, B dz,
(I)am
— Z/ DNaser,ivdax — / v b ds.
i Qz Lamb 2067‘

The variational formulation of the problem is then: Find 7€ H'(Q2) and ® € H'(Q)
such that for all test functions v € H'(Q):

aT(Tv U) = lT(U; (I))a a@(q)7 U) = l@(v)' (47)
Theorem 1. (Ezistence and Uniqueness). The variational formulation (47) has a unique
solution (T, ®) € H(Q) x H'().
Proof. To show :

e ar(T,v) is bilinear, continuous and coercive,
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e [r(v;®) is linear and continuous,
e ag(®,v) is bilinear, continuous and coercive,

e [4(v) is linear and continuous.

Apply the Lax-Milgram theorem to conclude. m

4.4 Finite Element Discretization

The idea of the Finite Element Method (FEM) is to approximate continuous solutions
® and T on a finite dimensional space V;, € H{, spanned by a set of basis functions

{wj},j == 1, ,N

Since T' and ® belong to the same functional space H'(£2) their FEM approximation
are given by decomposing them as a linear combination of same the basis functions:

N N
Th — Z]"]femwj, (I)h — Z (Di‘emd}j-
j=1 i=1

The results of the Galerkin approximation is a finite-dimensional equivalent of the
variational formulation. The goal is to find T}, € V}, and &, € V}, such that:

ar(Th,vp) = lp(vy) VYo, € Vi,
Cl<1>((I)h,Uh) = lq,(vh) \V/Uh € Vh.

Which leads to: ‘
aT(wawj) = lT(,[vb]) VJ = 17 "'7N7

aq>((I>h,¢j) = l@(@[)]) \V/] = 1, ,N

We define the mass matrix M, the stiffness matrices At and Ag, the right-hand side
vectors Lt and Lg:

M = /wﬂ/zjdx} e RVN,

Z?-]

AT = / kszl . ij dr + / hblwiwj ds + / (hfamb + hr)wzwj ds
Q; r r

7 body amb

Lo, Loy 20

NN
e RV

27]

GRNXN,
J

amb %,

c RV

?

Lt = / fa, Pitp; dx + / hyTopy ds + / (hambLampb + ArTamb — E)1p; ds
Qi l—‘body

L 1_‘amb
- S

Lg = /S¢jdx—/ Mds} e RV.
o Taey 2 .
La, ;

Q;

amb
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We can write then the system of equations in the algebraic form:
For the fluence:

aq)fem
M Ap®*™ =Lg.
cot T Ae ®
And for the heat: .
p(JpM7 + 1t M®®™ = L.
Feel++| | solve these systems in a monolithic block of the form:
M 0 ][22 [As 0 ][®"] [Le
+ = :
0 pCM| |2T2" 0 poM| |Thm Lt

4.5 Time Scheme

To solve the time-dependent model using the Finite Element Method (FEM), we discretize
both the time and spatial domains. Let At represent the time step size, and define
t" = nAt forn = 0,1,2,..., N, where N is the total number of time steps. The PDEs
are solved iteratively for each time step.

4.6 Heat Equation Discretization

The time-dependent heat equation is:
fem
pCpMT + MQM@fem = LT.
Using the finite difference scheme for the time derivative:
anem _ Tn+1 B N
ot~ At

We then substitute this approximation into the heat equation to get:

Tn+1 o Tn

M
pcp At

+ UM = L.

4.7 Diffusion Approximation Equation Discretization

The time-dependent diffusion approximation equation is:

aq)fem
cot

Using the finite difference scheme for the time derivative:

M +Ap®" = Lg.

a(pfem N ¢n+1 —_P"
ot At
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We then substitute this approximation into the fluence equation to get:

q)n+1 _ q)n
M————— + A®“" = Lg.
AL + As @

The process to solve this coupled system in a sequential manner is resumed in the
algorithm (2).

Algorithm 2 Time-Dependent Heat and Fluence Solver

Require: At, Th,., material properties, source term S
Initialize T° and ®° from steady-state solutions.
Nt — Tﬁnal/At
Assemble M, AT, A@, LT, and Lq,.
forn=0to N, —1do

Step 1: Solve diffusion approximation equation:

M M
(—q’ +A ) il = — 2 gn 4 Lot

At cAt
6: Step 2: Solve heat equation:

M1

Ln+1
At +

(pcvp At —|—A )Tn—H +M M@(I)n—i-l — pC

7 Step 3: Update right-hand side vectors:
Update Ly and Ly with the new values of ®"*! and 7T"*!.

8: end for
Ensure: Tt and ot

Note that the coupling is unidirectional, meaning that the fluence ® affects the
temperature 7', but not vice versa.
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5 Simulations

The simulations were performed on the
High-Performance Computing (HPC) clus-
ter Gaya. This cluster consists of a DELL
PowerEdge R7525 head node and six DELL
PowerEdge R6525 compute nodes, provid-
ing a total of 768 multi-threaded cores on
the compute nodes and 96 cores on the head
node. Gaya offers 150 TB of storage for
data and an extremely fast 15 TB NVME
scratch space. The head node is equipped
with two AMD EPYC 7552 48-Core Proces-
sors running at 2.2GHz, totaling 192 virtual
cores, and 1024 GB of RAM. Each com-
pute node features two AMD EPYC 7713
64-Core Processors running at 2GHz, total-
ing 256 virtual cores, and 512 GB of RAM.
The nodes are interconnected via Broadcom
Adv. Dual 10GBASE-T Ethernet and Mel-
lanox ConnectX-6 Dx Dual Port 100 GbE

for MPI communication.

In order to keep a good compromise between the parallelization speed up and the cost

Figure 7: Gaya supercomputer.

of MPI communications, the choice of using 12 cores for our simulation was made.

5.1 Eye Geometry

Figure 4 describes an eye geometry with 10 distinct area made with Salome [RBG17] by

Thomas Saigre [SP524; Cha+24].

A 3D tetrahedron mesh (Figure 8) [SP524] based on this more complex eye geometry
was generated using the Salome|C'AS22] CAD software utilizing the NETGEN [Sch97]

meshing algorithm.

34



(a) Original mesh generated by Salome, with 4.64 - 10° (b) Mesh refined around the anterior and posterior cham-

tetrahedrons: huin = 5.77 - 107, hunax = 5.76 - 1075,

bers, with 9.4 -10° elements: hmim = 5.09 - 1077, Aoy =

3.12-107%.

Figure 8: Meshed geometry of the eye, over a vertical plane. Characteristic sizes are
given in meters [SPS24].

As for the FEM basis, in order to be able to solve the problem on the eye geometry

with a reasonable computational cost, we choose to use the P; basis functions.

The discretization parameters are summarized in Table 8.

Parameter Value
Dimension 3
Number of Elements 1,157,768
Number of Edges 1,378,721
Number of Faces 2,327,783
Number of Partitions 12
Number of Points 208,707

haverage

hmax

hmin

Order

Real Dimension
Shape

4.685408 x 10~*
1.140251 x 1073
5.074994 x 107°
1

3

Simplex&l,g

Table 8: Discretization parameters

5.2 Solver Settings

The coupling between the heat equation and the fluence equation is implemented using
the coefficient form PDEs toolbox of the Feel++ library [Pru 24].

As for the coupling between the RTE-MC and the heat equation, the heat toolbox
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of the same library is employed | |. In the later, the absorption map is represented
as a Pdho field, i.e., a discontinuous piecewise polynomial of degree 0 (constant value per
element). This field is computed within the RTE-MC C++ application and exported as
a .hb file for subsequent use in the heat solver.

The solver utilizes the PETSc | | library with the following settings summarized
in Table 9.
Component Settings
Backend Prefix: heat
Type: petsc

Absolute Tolerance : 1.0 x 107°
Divergence Tolerance : 1.0 x 10°
Maximum Iterations : 1000
Reuse Preconditioner : 0
Relative Tolerance : 1.0 x 1078
Solver Type : GMRES

Absolute Tolerance : 1.0 x 107°
Relative Tolerance : 1.0 x 1078
SNES (Nonlinear Solver)® | Step Tolerance : 1.0 x 1078
Maximum Iterations : 50

Reuse Jacobian : 0

Maximum Iterations : 1000

KSP (Linear Solver)®

KSP in SNESU(i) Reuse Preconditioner : 0
Relative Tolerance : 1.0 x 107°
Preconditioner®) Type: GAMG

Table 9: Solver settings.

(i) KSP (Krylov Subspace Solver): Used to solve the linearized systems within
the FEM framework. The GMRES method is used here.

(ii) SNES (Scalable Nonlinear Equation Solver): Solves nonlinear systems using
iterative methods. It uses a convergence criterion based on tolerances.

(iii) KSP in SNES: Linear solver applied within each nonlinear iteration of SNES.

(iv) Preconditioner: GAMG (Geometric Algebraic Multigrid) is used to accelerate
convergence of the linear solver.

6 Numerical Results

Before presenting the numerical results, we first describe the experimental setup and
simulation parameters. To test the RTE-MC heat coupling, we employed a simplified
geometry: a cube with dimensions 0.5 x 0.5 x 0.25 centimeters (Figure 9), following the
approach of Arnold and Fichera | |.

36



0.25-F

0.125

0.0625

0375

0.5

Figure 9: 0.5 x 0.5 x 0.25 cm single layer cube with 81907 nodes and 495013 elements.

The map of absorption was calculated using our RTE-MC code with the parameters
summarized in Table 10.

Table 10: Parameters used for the absorption map calculation.

Parameter Value Units

Laser impact (z,y, z) coordinates (0.25, 0.25, 0.25) cm

Number of photons 2,000,000 -
Beam diameter 0.2 cm
Scattering coefficient (1) 100 cm™!
Absorption coefficient (1) (1, 2, 3, 4, 5) cm~!

The Figures 10 and 11 show the resulting absorption map for p, = 5 visualized in
Log scale with the post processing software Paraview [[it24].
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Figure 10: Log scale top view of the absorption map for the cube geometry. On the left
shown with the edges.

absorption_norm_n
55e03 0020050102 05 1 2 5 10 556401

Figure 11: Log scale clipped view of the absorption map for the cube geometry.

The complete absorption map is applied as a source term at each time step. This
choice is motivated by the fact that, although the speed of light in the medium is reduced
compared to that in vacuum, it remains extremely fast relative to the temporal resolution
of the simulation. Specifically, the velocity is given by

&
Umed = —
n

where

® U,cq 1S the velocity of light in the medium,
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e c is the speed of light in vacuum,

e n is the refractive index of the medium (c¢f. Table 6).

We import the map of absorption field and use it as a source term in the heat toolbox
of the Feel4+ library [Pru-24]. For this test we choose to use the following homogeneous
boundary conditions:

Table 11: Boundary conditions used in the heat equation simulation.

Boundary Type Condition
Top face Neumann Homogeneous (Vu - n = 0)
Other faces Dirichlet  Homogeneous (u = 0)

We use a time step of At = 0.01s and run the simulation for a total time of Ty, =
15s. The irradiation time is T aqiation = 9S. Looking at the imported absorption map
(Figure 12), we can notice a strange behavior, the map seems to exhibit unexpected
patterns especially on the edges of the irradiation point.

heat.expr.absorption_rr
51802 02 05 1 2 5

1orm
50 100 5.1e+02

2 5 10 5C
| \\\Hi\ HI\“HHHH |

Figure 12: Normalized imported absorption map used by the heat toolbox.

Despite this the coupling seems to work as expected, as shown in Figure 13. Nev-
ertheless, this issue needs to be investigated before making any conclusions. Once the

simulation results are thoroughly analyzed, we will be able compare it with experimental
data to validate the model.
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(e) t=10.00s (f) t=15.00s

Figure 13: Evolution of the temperature distribution on the clipped test cube geometry
at different time steps with an irradiation time of T}, agiation = D S.

7 Toward solving the Inverse Problem

We are interested in solving the inverse problem, i.e., estimating the absorption and
scattering coefficients of eye tissues based on the observed temperature distribution. In
the context of eye surgery, this temperature distribution can be captured using an infrared
camera. To achieve this, we will use an Ensemble Kalman Filter (EnKF) [AF22; Wik21a],
designed for parameter estimation.
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7.1 Kalman-type Filtering Algorithms

Kalman filtering algorithms provide an efficient, recursive method for estimating the state
of a dynamic system from a series of noisy measurements. These algorithms are typically
based on the following model:

Evolution Model:
Tjr1 = F(x;) + vj 7 (48)
~—

innovation process

where x; represents the system state at time j, F' is a known (possibly non-linear) func-
tion, and v; represents the innovation process (i.e., the difference between the predicted
state and the actual measurement at each time step).

Observation Model:

Yir1 = G(zj41) + Wit (49)
~

observation noise

where y;1 is the observation at time j 4 1, G is a known (possibly non-linear) function,
and w;; denotes the observation noise.

Approximation of the Distribution: The goal is to approximate the probability
distribution or posterior distribution of the system’s state z; given the accumulated data
D; up to time j:

(5| D;) = 7(2j31]D;) — (21| Djsa), (50)

where D; represents the data accumulated up to time j:

DO = @7
Djy1=DjU{yjs1}

The first update in (50) is performed using the prediction step, also called the propa-
gation step, and the second update is done using the update step, which is also known as
the analysis step or observation update.

7.2 Classical Kalman Filter

To understand the Ensemble Kalman Filter (EnKF) | |, we first need to review the
Classical Kalman Filter (KF) [ |. This filter provides an explicit way of computing
the distribution of the state in (50) when the evolution and observation models are linear,
and the noise processes are Gaussian. Under these assumptions, the model becomes:

{ij+1 = A.fj + Vj, (51)

Yjr1 = Prj1 + wjp,

where:
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A is the known state transition matrix,

P is the known observation matrix,

v; ~ N (0,C) is the innovation process,

w1 ~ N(0, D) is the observation noise,

A and P are assumed to be constant over time.

We further assume that v;;; is independent of z; and w;;; is independent of x,4;.
The current estimate of the state at time j is denoted x;|;, and the prediction of the state
at time j +1 is denoted x;,,;, obtained by propagating x;; through the evolution model:

Tjp1)y = Ajl; + Vi
Assuming a priori that x;; ~ N (z;;,'j;), the propagation step yields:

Similarly, the analysis step yields:

Tig1jj41 ~ N(Zjgj1, i)

where:

7j|; is the mean of the state estimate at time j,

Zjpj+1 = Tjr1)y + K (Y — PTiga),
Fj+1\j+1 = (—7 - Kj+1P)Fj+1\ja

K1 =Tja;PT(PTj PT + D)~

7.3 Ensemble Kalman Filter (EnKF)

The Kalman Filter (KF)| | is a powerful tool for estimating the state of a dynamic
system from noisy measurements. However, it requires the assumptions of linearity and
Gaussian noise, which may not always hold in practice. The Ensemble Kalman Filter
(EnKF) is a variant of the KF that relaxes these assumptions and is particularly well-
suited for high-dimensional, non-linear systems with non-Gaussian noise.

Instead of maintaining a single estimate of the state, the EnKF maintains an ensemble
of state estimates, which are propagated through the evolution model and updated using
the observation model. This ensemble approach allows the EnKF to capture the non-
linearities and non-Gaussianities present in the system using a Monte Carlo sampling
technique.
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Propagation Step: Given
N
Sj'] = {x]‘] =1

the ensemble of N state estimates at time j, we denote

7 _ _ (i) = \T
T = E :%U and I'j; = § : J|j i) (@55 — Tj5)°
the mean and covariance of the ensemble, respectively.

The non-linear propagation step is performed by applying the evolution model to each
ensemble member: " " o
Tiali = F(z J|J) T Vi

where v\, ~ N (0,C) is the innovation process for the i-th ensemble member.

Jj+1

Analysis Step: Given the observation y;1, we update the ensemble using the ob-
servation model:
(%) : (4) 2 (%)
25 = angming {2, = G@)I + llo = 2l e}
where ||u||% = uT D~!u is the Mahalanobis distance (which measures the distance between

a point and a distribution) with respect to the observation noise covariance matrix D
(symmetric positive-definite).

8 Conclusion

The study of heat-fluence coupling in ocular tissues, as presented in this project, un-
derscores the intricate interplay of mathematical modeling, numerical simulation, and
physical parameter estimation. Despite significant progress in capturing the dynamic of
this coupling, the complexity of the underlying physics, coupled with the variability of eye
tissue properties and laser settings, posed substantial challenges. The preliminary sim-
ulations performed on the simplified cube geometry demonstrate that the RTE-MC and
heat equation coupling is functional and can reproduce expected temperature evolutions.
However, anomalies in the imported absorption map, particularly near the edges of the
irradiation point, indicate that further investigation and validation are required before
applying the method to more realistic eye geometries. Future work will focus on refining
the absorption map generation, extending the simulations to anatomically accurate eye
models, and performing a systematic comparison with experimental data. Additionally,
sensitivity analyses on tissue optical and thermal parameters will help quantify uncer-
tainties and improve the robustness of the model.

Overall, this study establishes a solid foundation for modeling laser-tissue interactions
in ophthalmology, providing insights into temperature dynamics and paving the way for
more precise and patient-specific simulations in the future.
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9 Prospects

The study of the heat-eye interactions is vast and complex, and there are many avenues
for further research. Here are some prospects we identify for future work:

1. Improve Eye Geometry: Our current geometry is quite complex but could
nonetheless be improved. For example, in the case of our application, we could
improve it by adding a system of layer in order to be able to use different absorp-
tion and scattering coefficients according to the tissue’s depth as well as a RPE
layer.

2. RTE-MC improvement: Continue enhance the RTE-MC code to improve its
accuracy and efficiency. Especially the handling of complex tissue geometries and
their interfaces.

3. Mesh convergence: Investigate the mesh convergence of our model by extracting
values as different points of interest and comparing them while refining the mesh
to access if the results converge to a certain value.

4. Model comparison validation: Validate our model by taking more time to com-
pare it with other models and experimental data.

5. Sensitivity analysis: Conduct sensitivity analyses to identify the most influential
parameters affecting the model’s predictions and to better understand the system’s
behavior.

6. ROMs: Investigate the use of Reduced Order Models to speed up the simula-
tion process.

7. Inverse problem: Explore the possibility of solving an inverse problem to estimate
the tissue’s optical and thermal properties based on experimental data via the use
of data assimilation techniques such as the Ensemble Kalman Filter (EnKF). Al-
ternatively, explore the use of machine learning techniques to infer these properties
from the data.
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Appendix A: Approximation Error Metrics for Schlick
vs. Fresnel

To evaluate the accuracy of the generalized Schlick approximation, we computed er-
ror metrics against the Fresnel equations across all tissue interfaces of the eye model.
Sampling was performed over 90 angles in [0°,90°[. The refractive indices used for the
calculations are for a 577 nm wavelength and are summarized in Table 6.

The TIR acronym reffers to the Total Internal Reflection angle, it occurs when light
travels from a medium with a higher refractive index to a medium with a lower refractive
index, and the angle of incidence exceeds a certain critical angle. Beyond this angle,
refraction becomes impossible, and all the incident light is reflected back into the first
medium. Mathematically, TIR happens when sin 6, > 1, which has no physical solution
for 6;, indicating that transmission does not occur. In the context of our study, TIR
arises in transitions such as from the vitreous humour to the lens or from the cornea to
the air, where n; > no. The Fresnel equations handle this condition naturally, setting the
reflectance R = 1 in such cases. However, approximations like the Schlick model must
account for TIR explicitly to remain accurate. The generalized Schlick approximation
incorporates this by detecting when sinf; > 1 and setting R = 1 accordingly, ensuring
that the reflectance curve remains physically plausible even beyond the critical angle.

Table 12: Per-interface reflectance error between generalized Schlick and Fresnel re-
flectance.

Interface n1  mg MAE (all) MAE (< TIR) Max Error Angle at Max (°)
Air — Cornea 1.000 1.375 0.00971 0.00971 0.050 20 84.1
Cornea — Air 1.375 1.000 0.00261 0.005 05 0.050 20 46.3
Cornea — Aq. Humour 1.375 1.335 0.01585 0.02463 0.11062 86.1
Aq. Humour — Cornea 1.335 1.375 0.01208 0.01208 0.076 26 84.0
Aq. Humour — Lens Grad A 1.335 1.367 0.07213 0.07213 0.518 13 86.2
Lens Grad A — Aq. Humour 1.367 1.335 0.07351 0.108 88 0.51813 86.2
Lens Grad A — Lens Grad B 1.367 1.385 0.06592 0.065 92 0.466 90 86.3
Lens Grad B — Lens Grad A 1.385 1.367 0.064 86 0.09363 0.466 90 86.3
Lens Grad B — Vitreous 1.385 1.336 0.034 86 0.048 78 0.279 38 86.2
Vitreous — Lens Grad B 1.336 1.385 0.03576 0.03576 0.23110 85.9
Vitreous — Retina 1.336 1.358 0.07822 0.078 22 0.544 34 86.2
Retina — Vitreous 1.358 1.336 0.07741 0.11309 0.544 34 86.2
Retina — Choroid 1.358 1.356 0.08198 0.08198 0.569 27 86.3
Choroid — Retina 1.356 1.358 0.08211 0.08211 0.569 27 86.3
Choroid — Sclera 1.356 1.366 0.08776 0.08776 0.58769 86.3
Sclera — Choroid 1.366 1.356 0.08717 0.126 27 0.587 69 86.3
Summary:
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e Average MAE (all): 0.0443
e Max MAE: 0.0878 (Choroid — Sclera)
e Max absolute error: 0.5877 at 86.3°

These results confirm that the generalized Schlick approximation yields reasonable accu-
racy across biologically relevant interfaces in the human eye model, with increasing error
primarily at high incidence angles near total internal reflection.
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