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1 Introduction

1.1 Model Order Reduction

In the world of computational science, engineering, and industry, the significance of numer-
ical simulation is ever increasing. In particular, numerical simulations of partial differential
equations (PDEs) are widely used in many fields such as fluid dynamics, structural mechanics,
aerodynamics, and many others. For these types of problems, multiple numerical methods
could be employed such as finite element method (FEM), finite volume method (FVM), finite
difference method (FDM), spectral methods, etc. Regarded as high-fidelity (or full-order) tech-
niques, this category of methods typically achieves superior accuracy but at the expense of
computational intensity, involving up to O(106 − 109) degrees of freedom and multiple hours
(or even days) of CPU time in some cases as highlighted in [15]. This high computational
cost is a major obstacle for a wide range of applications that require multiple simulations such
as PDE-constrained optimization, inverse problems, uncertainty quantification, etc. In this
context, model order reduction (MOR) techniques have been developed to address this issue.
The main idea behind MOR is to reduce the dimension of the full-order model (FOM) while
preserving the accuracy.

1.2 General context: Reduced basis method for parametric PDEs

In this work, we will focus on the reduced basis method (RBM), which is a MOR technique
that is applied to a specific yet very rich class of problems, namely parameter-dependent or
parametric PDEs, where the parameters may represent geometrical, physical, or boundary
conditions of the problem. Mathematically, a parametric PDE can be written as:
For a given parameter µ ∈ P ∈ RP (the parameter space), find u(µ) ∈ X such that:

R(u(µ);µ) = 0 (1)

where X is some appropriate Hilbert space, chosen for the above problem to be well-posed.
As a linear model reduction technique, the classical RBM aims to find a low-dimensional sub-
space that approximates the set of solutions of the parametric PDE or what is called the
solution manifold in the high-dimensional (full-order) space. In addition to its low dimension-
ality property, a fundamental difference between the RBM and the FEM (or other multipurpose
discretization methods) is that the latter can be used for any type of problem, while the former
is problem-dependent, i.e., the features of the problem are learned while constructing the re-
duced basis space which makes it unuseful for other problems [13]. In practice, RBM is based
on a two phases approach:

• Offline phase: A computationally expensive phase where the learning of the solution
manifold is done.

• Online phase: A much cheaper phase where the solution u(µ) is computed for any new
parameter value µ.

In the offline phase, a reduced basis space XN is constructed, typically using algorithms such
as Proper Orthogonal Decomposition (POD) or Greedy method [15]. These algorithms identify
a quasi-optimal basis as an alternative to the out-of-reach optimal one. Then, provided that
such a quasi-optimal XN has been identified, a “reduced” basis method can be deployed in the
online phase under the form, e.g. of a Galerkin formulation in XN for the approximation of the
solution u(µ) for some given value µ of the parameter [13]. The online cost of RBM scales like
O(N3) which makes it very efficient for small values of N . Here and throughout the remainder
of this report, an RBM with the traditional linear approximation is referred to as a classical
RBM.
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1.3 Specific context

1.3.1 Kolmogorov barrier

Linear reduced basis approximation techniques and more specifically the classical RBM rely on
the assumption that the solution manifold is well approximated by a low-dimensional subspace.
This leads to the notion of Kolmogorov N-width of a set M, denoted dN(M), which indicates
how well M can be approximated by the best N-dimensional linear subspace. In the context
of parametric PDEs, M = {u(µ)|µ ∈ P} is the solution manifold and we are interested in the
decay of dN(M) as N increases. For many problems, elliptic PDEs for instance, the decay
of dN(M) is exponential which makes the classical RBM very efficient. However, for other
classes of problems, typically hyperbolic transport equations with parameter-dependent shock
positions, the decay of dN(M) is very slow. This slow decay alongside the optimality (by
definition) of the Kolmogorov width constitutes a barrier for the classical RBM which is called
the Kolmogorov barrier. In practice, this barrier is manifested by the need for a large number
of basis functions N to achieve a given accuracy which makes the classical RBM less efficient for
this type of problem. Additionally, the curse of dimensionality of both the parameter space and
the physical space or domain over which the PDE is defined can exacerbate the Kolmogorov
barrier.

1.3.2 Nonlinear approximation

In the previous section 1.3.1, we discussed the Kolmogorov barrier and stated that even if the
set of parameters lies in a space of small dimension P ∈ RP (P ∈ N small), the dimension N of
XN is not necessarily small. This mismatch between the dimension of the reduced basis space
and the dimension of the solution manifold M (at most of dimension P ) is due to the linearity
of the first concept while the dependency of the solution u(µ) on the parameter µ is most often
highly non-linear.

A lot of research has been done trying to mitigate the Kolmogorov barrier using nonlinear
approximation techniques. There are essentially 2 wide classes of approaches, Lagrangian and
Eulerian. Lagrangian approaches (also called registration methods see [16]) involve a map ϕµ

so that the set of all v(µ) = uµ ◦ ϕµ defines a manifold better suited to linear approximation
methods than the original M with thus a faster decay of the Kolmogorov width. Examples
of Lagrangian approaches have been proposed in [10, 17, 7]. Eulerian approaches have a more
nonlinear root: some approaches are based on a partition of the parameter domain in an
adaptive way [6], others rely on basis updates [12], or finally based on artificial learning methods
[8, 11]. In these last references, the original notion of “learning” of the reduced basis methods
is hence pushed further to the extent of investigating the nonlinearity of the manifold. This
learning process can be used to the point of not even referring to the problem (1) and at the end
propose a method that, to any input parameter µ ∈ P , proposes as an output an approximation
to u(µ) . Even if this is shown to work in those publications, this approach has some obvious
drawbacks :

• the size of the database for the learning stage, needs to be quite large in order to apprehend
the complexity of M.

• there is no evaluation of the residual of equation (1) that would allow to state if the
problem is well approximated or not and what to do in order to improve a non-sufficient
accuracy.

this is why, following [1], the authors in [2, 5] have proposed to “help” the statistical approaches
by using intermediate models and still ground the approximation of the approximated resolution
of problem (1). This method is called the nonlinear compressive reduced basis method.
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1.4 Overview of the project

After introducing the context of the project in sections [1.1,1.2,1.3], we will begin by presenting
the test case we will be working on. Next, we will provide a detailed explanation of the
classical RBM, covering both theoretical and algorithmic aspects, and present some numerical
results on the test case. Following this, we will introduce the nonlinear compressive reduced
basis method, discussing its results and practical issues. Finally, we will compare the use of a
quadratic model in the nonlinear compressive reduced basis method with the quadratic method
proposed in [1] and propose an enhancement to this last method. The implementation details
of all the mentioned methods will be covered in a separate section.

2 Problem setting: the multiparameter problem

2.1 Heat transfer in a thermal fin

We consider the problem of designing a thermal fin to effectively remove heat from a surface.
The two-dimensional fin, shown in Figure 1, consists of a vertical central post and say Nf

horizontal subfins; the fin conducts heat from a prescribed uniform flux source at the root,
Γroot, through the large-surface-area subfins to surrounding flowing air. The fin is characterized
by a (Nf+1)-component parameter vector µ = (µ1, µ2, . . . , µNf+1), where µi = ki, i = 1, . . . , Nf ,
and µNf+1 = Bi; µ may take on any value in a specified design set P ⊂ RP , where P = Nf +1.

Figure 1: Thermal fin geometry.

Here ki is the thermal conductivity of the i-th subfin (normalized relative to the post conduc-
tivity k0 = 1); and Bi is the Biot number, a nondimensional heat transfer coefficient reflecting
convective transport to the air at the fin surfaces (larger Bi means better heat transfer). For
example, suppose we choose a thermal fin with Nf = 4, k1 = 0.4, k2 = 0.6, k3 = 0.8, k4 = 1.2,
and Bi = 0.1; for this particular configuration µ = (0.4, 0.6, 0.8, 1.2, 0.1), which corresponds to
a single point in the set of all possible configurations P (the parameter or design set).

We are interested in the design of this thermal fin, and we thus need to look at certain
outputs or cost-functionals of the temperature as a function of µ. We choose for our output
Troot, the average steady-state temperature of the fin root normalized by the prescribed heat
flux into the fin root. The particular output chosen relates directly to the cooling efficiency of
the fin — lower values of Troot imply better thermal performance. The steady-state temperature
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distribution within the fin, u(µ), is governed by the elliptic partial differential equation

−ki∆u = 0 in Ωi, i = 0, . . . , Nf , (2)

where ∆ is the Laplacian operator, and ui refers to the restriction of u to Ωi. Here Ωi is
the region of the fin with conductivity ki, i = 0, . . . , Nf ; Ω

0 thus the central post, and Ωi,

i = 1, . . . , Nf , corresponds to the subfins. The entire fin domain is denoted Ω =
⋃Nf

i=0Ω
i; the

boundary is denoted Γ. We must also ensure continuity of temperature and heat flux at the
conductivity-discontinuity interfaces Γi

int ≡ ∂Ω0 ∩ ∂Ωi, i = 1, . . . , Nf , where ∂Ω
i denotes the

boundary of Ωi, we have on Γi, i = 1, . . . , Nf :

[u] = 0,[
ki
∂u

∂ni

]
= 0,

(3)

where ni is the outward normal on ∂Ωi. Finally, we introduce a Neumann flux boundary
condition on the fin root:

−k0 ∂u
∂n0

= −1 on Γroot. (4)

which models the heat source; and a Robin boundary condition:

−ki ∂u
∂ni

= Bi ui on Γi
ext, i = 1, . . . , Nf , (5)

which models the convective heat losses. Here Γi
ext is that part of the boundary of Ωi exposed

to the flowing fluid; note that
⋃Nf

i=0 Γ
i
ext = Γ \ Γroot. The average temperature at the root,

Troot(µ), can then be expressed as l(u(µ)), where

l(v) =

∫
Γroot

v. (6)

2.2 Weak formulation

The weak or variational formulation of the problem (2) is essential to proceed with a Galerkin-
type approximation. To derive the weak form, we multiply (2) by a test function v ∈ X = H1(Ω)
and integrate over each subdomain:∫

Ωi

−ki∆u v = 0, i = 0, . . . , Nf ,

Using Green’s formula, we get:∫
Ωi

ki(∇ui,∇v)dx−
∫
∂Ωi

ki(∇ui · ni)v ds = 0 for i = 0, . . . , Nf

Since ∂Ωi = Γi
int ∪ Γi

ext for i = 1, . . . , Nf , using equations (3) and (5), we get:∫
Ωi

ki(∇ui,∇v)dx−
∫
Γi
int

(∇ui · ni)v ds+Bi

∫
Γi
ext

uiv ds = 0

While for i = 0, we have ∂Ω0 = ∪Nf

i=1Γ
i
int ∪Γ0

ext ∪Γroot, using equations (3), (4) and (5), we get:∫
Ω0

k0(∇u0,∇v)dx+
Nf∑
i=1

∫
Γi
int

(∇u0 · ni)v ds+

∫
Γ0
ext

Bi u0v ds−
∫
Γroot

v ds = 0
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Adding the previous equations, we finally get the weak form of the problem: For a given µ ∈ P ,
find u(µ) ∈ X such that:

a(u(µ),v;µ)︷ ︸︸ ︷
Nf∑
i=0

∫
Ωi

ki(∇u(µ),∇v)dx+Bi

∫
Γext

u(µ) v ds =

f(v;µ)︷ ︸︸ ︷∫
Γroot

v ds, ∀v ∈ X (7)

We can see that the bilinear form a(·, ·;µ) is symmetric, coercive and continuous, and the
linear form f(·;µ) is continuous. This makes the problem (7) well-posed for any µ ∈ P by the
Lax-Milgram theorem. Additionally, l(v) = f(v) for this problem, which makes it a compliant
problem.

3 Classical Reduced Basis Method

In this section, we will present the classical RBM. The explanation will begin with general
notations and principles, followed by a discussion of the specific application to our test case
after each part. We begin by introducing the mathematical formulation of interest, followed
by the presentation of the truth or high-fidelity problem. Next, we introduce the reduced basis
approximation and discuss some practical aspects and numerical results. Finally, we present
the limitations of this method and the motivation for the nonlinear compressive reduced basis
method.

3.1 Mathematical formulation

In the context of the reduced basis method, we are specifically interested in parametric PDEs.
More precisely, we consider the following steady parametric variational problem:
Let X be a Hilbert space and P ⊂ RP . Given µ ∈ P , find u(µ) ∈ X such that:

a(u(µ), v;µ) = f(v;µ), ∀v ∈ X (8)

and evaluate:
s(µ) = l(u(µ);µ) (9)

where a(., .;µ) is bilinear form, f(.;µ) and l(.;µ) are linear forms, and s(µ) is an output of
interest. In this project we restrict ourselves to the simple compliant case where we assume in
addition that:

• l(·;µ) = f(·;µ), ∀µ ∈ P

• the bilinear form a(·, ·;µ) is symmetric for any µ ∈ P
These assumptions simplify considerably the formulation and give multiple convergence and
error control properties as we will see later. For the well-posedness of the problem(8) for any
µ, we assume that:

• a(., .;µ) is coercive and continuous for all µ ∈ P with respect to the norm ∥.∥X , i.e. there
exists α(µ) > α > 0 and γ(µ) < γ <∞ such that:

a(u, u;µ) ≥ α(µ)∥u∥2X and a(u, v;µ) ≤ γ(µ)∥u∥X∥v∥X , ∀u, v ∈ X (10)

• f(·;µ) is continuous with respect to the norm ∥.∥X , i.e. there exists δ(µ) <∞ such that:

f(v;µ) ≤ δ(µ)∥v∥X , ∀v ∈ X (11)

The well-posedness of the problem (8) for any µ is then guaranteed by the Lax-Milgram theorem.
From 2.2 we can see that our test case satisfies all the previous assumptions.
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3.2 High-fidelity model

Since the exact solution u(µ) of the problem (8) is not analytically available in general, we
approximate it using a high fidelity or truth approximation method such as FEM, FVM, FDM,
spectral methods, etc. These methods typically achieve high accuracy but at the expense of
high computational cost.

For our elliptic problem, FEM is the most suitable method that allows us to approximate
accurately the exact solution u(µ). The FEM start by discretizing the domain Ω into a mesh
of Nel non-overlapping elements Ki such that:

Ω̄ = ∪Nel
i=1Ki,

◦
Ki ∩

◦
Kj= ∅, i ̸= j

Th = {Ki}Nel
i=1

and we define the mesh size h = maxKi∈Th maxx,y∈Ki
∥x− y∥. In figure 2, we show an example

of meshing the domain Ω for Nf = 5 and Nel = 43622 elements. This mesh is automatically
generated in Feel++ [14] using Gmsh.

Figure 2: Mesh for Nf = 5 and 43622 elements

Then one can define a discrete finite dimensional space Xh ∈ X. As an example, Xh can be
constructed based on piece-wise polynomial basis functions. We denote Nh the dimension of
Xh also called the number of degrees of freedom (DOF), and {ξi}Nh

i=1 a basis of Xh. The FEM
approximation uh(µ) is an element of Xh and is written as:

uh(µ) =

Nh∑
i=1

(uµh)i ξi

We consider a Galerkin approach where the test functions are also in Xh. Then the discrete
problem is written as follows:
find uh(µ) ∈ Xh such that:

a(uh(µ), vh;µ) = f(vh;µ), ∀vh ∈ Xh (12)

and evaluate:
sh(µ) = l(uh(µ);µ) (13)

By choosing the test functions vh in (12) to be the basis functions ξi, we can rewrite 12:

a(

Nh∑
j=1

(uµh)j ξj, ξi;µ) = f(ξi;µ), ∀i = 1, . . . , Nh

⇐⇒
Nh∑
j=1

(uµh)j a(ξj, ξi;µ) = f(ξi;µ), ∀i = 1, . . . , Nh

8



Finally, we can write the discrete problem in matrix form:

Aµ
hu

µ
h = fµh (14)

where Aµ
h = {a(ξj, ξi;µ)}Nh

i,j=1 is the stiffness matrix and fµh = {f(ξi;µ)}Nh
i=1. The output sh(µ)

can then be evaluated as:
sh(µ) = (uµ

h)
T fµh (15)

The coercivity, continuity, and the Galerkin orthogonality give the following error estimate:

∥u(µ)− uh(µ)∥X ≤ γ(µ)

α(µ)
inf

vh∈Xh

∥u(µ)− vh∥X (16)

This implies that the FEM approximation uh(µ) is related to the best approximation of u(µ)
in Xh through the coercivity and continuity constants.

This high fidelity approximation is supposed to be accurate enough i.e. ∥u(µ)−uh(µ)∥X can
be made arbitrarily small by refining the mesh (h→ 0). This accuracy even if it comes in general
at a high computational cost as Nh is usually large, is necessary, as the RBM approximates
uh(µ) and not u(µ). For the total reduced basis error, we have:

∥u(µ)− uN(µ)∥X︸ ︷︷ ︸
total error

≤ ∥u(µ)− uh(µ)∥X︸ ︷︷ ︸
FEM error

+ ∥uh(µ)− uN(µ)∥X︸ ︷︷ ︸
RB error

(17)

from (17) we can see that if the FEM error is not well controlled, will dominate the total error
even if our RBM is perfect.

For our test case with 5 subfins (Nf = 5), the high fidelity approximation is obtained using
a second order FEM approximation with Nel = 43622 elements and Nh = 89745 DOF. The
FEM L2-error is estimated by the error with respect to 3rd order FEM approximation over the
same mesh (Nhref = 200050 DOF) is ≈ 10−4. For both FEM solvers, we use the Feel++ library
[14]. In figure 3, we show the high fidelity solutions for a fixed value of thermal conductivity
ki = 1,∀i and varying Biot number Bi = 0.01, 0.1, 1. As expected, the temperature at the root
decreases as the Biot number increases.

Figure 3: High fidelity solutions for Bi=0.01(left), Bi=0.1(middle) and Bi=1(right)

3.3 Reduced Basis Approximation

As we mentioned in the introduction, the final goal of RB methods is to approximate the
solution manifold M with a low-dimensional subspace XN . The solution manifold is the set of
all solutions of the parametrized problem under variation of the parameter:

M = {u(µ) |µ ∈ P} ⊂ X (18)

However, as we discussed in section 3.2, the exact solution u(µ) is not always available, so we
replaced it with its high fidelity approximation uh(µ), knowing that the error ∥u(µ)− uh(µ)∥X

9



can be made arbitrarily small by refining the mesh. Therefore, we can define the discrete
solution manifold Mh as follows:

Mh = {uh(µ) |µ ∈ Ph} ⊂ Xh, Ph ⊂ P (19)

”The final goal of RB methods is to approximate any member of this solution manifold with a
low number of, say N, basis functions. A central assumption in the development of any reduced
model is that the solution manifold is of low dimension, i.e., that the span of a low number of
appropriately chosen basis functions represents the solution manifold with a small error.” [9].

Figure 4: Solution Manifold

We assume for now that we already have the reduced space XN = span{ζ1, . . . , ζN} ⊂ Xh.
The construction of the reduced space is discussed in section 3.4. Given a parameter value µ in
P , similarly to what we did in section 3.2, we use a Galerkin approach and we seek a reduced
basis approximation uN(µ) in XN such that:

a(uN(µ), vN ;µ) = f(vN ;µ), ∀vN ∈ XN (20)

This reduced basis approximation uN(µ) is expressed as follows:

uN(µ) =
N∑
i=1

(uµN)i ζi (21)

And by testing the previous formulation with {ζi}Ni=1, we obtain the coordinates vector uµN as
the solution of the following linear system:

Aµ
Nu

µ
N = fµN (22)

where Aµ
N = {a(ζi, ζj;µ)}Ni,j=1 and fµN = {f(ζi;µ)}Ni=1. Finally, we can evaluate the reduced

basis output as:
sN(µ) = (uµ

N)
T fµN (23)

3.4 Reduced Basis Construction

Many strategies can be used to construct the reduced basis space XN . The simplest one consists
of sampling the parameter space P and computing the truth solution uh(µ) for each parameter
value in the sample. However, these approaches don’t guarantee any optimality of the reduced
space constructed. Alternatively, methods like Singular Value Decomposition (SVD), Proper
Orthogonal Decomposition (POD), Greedy methods, etc. can be used to construct the reduced
basis space in a quasi-optimal way. While SVD and POD are related and can be seen as data
compression techniques, the Greedy method is an iterative algorithm. A combination of these
methods like POD-Greedy can also be used to construct the reduced basis space, especially
for parabolic problems. Even if SVD/POD are the methods used in this project, the Greedy
method is also discussed in a separate section.
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3.4.1 Proper Orthogonal Decomposition

”The Proper Orthogonal Decomposition is an explore-and-compress strategy in which one sam-
ple the parameter space, computes the corresponding truth solutions at all sample points and,
following compression, retains only the essential information” [9]. Like the SVD, it can be seen
as a technique for reducing the dimensionality of a system by representing it in a new orthonor-
mal basis that captures the most important features of the system. This basis is optimal in a
least-squares sense. After the transformation, the new uncorrelated variables are called POD
modes and are ordered in decreasing importance. A lower-dimensional representation of the
data is then obtained by truncating the new basis to retain only the first few modes.

We start by introducing an ordered training set Ps = {µ1, µ2, ..., µns} ⊂ P of ns parameter
values. For each parameter value µi ∈ Ps, we compute the corresponding truth solution uh(µi) ∈
Mh(Ps) ⊂ Mh(P) and we define the snapshot matrix S ∈ RNh×ns as:

S = [uµ1

h , u
µ2

h , ..., u
µns
h ],

where the vectors uµi

h ∈ RNh represent the degrees of freedom of the solution uh(µi) ∈ Xh.
Then the Singular Value Decomposition (SVD) of S reads:

S = UΣZT

where U = [ζ1, ζ2, ..., ζNh
] ∈ RNh×Nh and Z = [ψ1, ψ2, ..., ψns ] ∈ Rns×ns are orthogonal matrices,

and Σ = diag(σ1, . . . , σr) ∈ RNh×ns with σ1 ≥ σ2 ≥ · · · ≥ σr . Here r ≤ min(Nh, ns) denotes
the rank of S, which is strictly smaller than ns if the snapshot vectors are not all linearly
independent. Then we can write:

Sψi = σiζi, and ST ζi = σiψi, ∀i = 1, . . . , r

equivalently:
STSψi = σ2

iψi, and SST ζi = σ2
i ζi, ∀i = 1, . . . , r (24)

i.e. σ2
i , i = 1, . . . , r, are the nonzero eigenvalues of the matrix STS (and also of SST ), listed

in nondecreasing order. While in a pure SVD setting, the ”reduced” basis V ∈ RNh×N of
dimension N is defined as the set of the first N left singular vectors ζi , i = 1, . . . , N (or
simply the columns U). In the POD setting, we avoid the computation of the SVD of S, and
equivalently following (24), we compute the correlation matrix C = STS ∈ Rns×ns , the POD
basis V is then given by the set of vectors:

ζi =
1

σi
Sψi, ∀i = 1, . . . , N

where ψi, i = 1, . . . , N are the first N eigenvectors of the correlation matrix C corresponding to
the N largest eigenvalues σ2

i , i = 1, . . . , N . If we define VN = {W ∈ Rns×N |W TW = I} the set
of all N-dimensional orthonormal bases, the POD basis V ∈ VN by construction and verifies:

ns∑
i=1

||uµi

h − V V Tuµi

h ||22 = min
W∈VN

ns∑
i=1

||uµi

h −WW Tuµi

h ||22 =
r∑

i=N+1

σ2
i (25)

The second equality in (25) gives us a practical criterion to select the minimal POD di-
mension N ≤ r s.t the projection error is smaller than a given tolerance ϵPOD. In practice, we
choose N as the smallest integer such that:

I(N) =

∑N
i=1 σ

2
i∑r

i=1 σ
2
i

≥ 1− ϵPOD (26)
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that is the energy retained by the last r−N modes is less than ϵ2POD of the total energy. I(N) is
called the relative information content (RIC) and it represents the fraction of the total energy
retained by the first N POD modes.

In the POD procedure presented above, the minimization of the projection error of the snap-
shots vectors {uµi

h }ns
i=1 is done in ||.||2 norm. However, since the snapshots functions {uh(µi)}ns

i=1

belong to Xh ∈ X, the ||.||X norm is more appropriate (native) for the error minimization. In
many cases, this last norm coincides with or is equivalent to the norm induced by the bilinear
form for a fixed reference parameter value µ̄ ∈ P :

(u, v)X = a(u, v; µ̄), ∀u, v ∈ X (27)

||u||X =
√
(u, u)X , ∀u ∈ X (28)

In matrix form, this norm is given by:

||u||X =
√

uTAµ̄
hu, ∀u ∈ Xh (29)

where u is the vector of the degrees of freedom of the function u. The POD framework can
then be adapted to the ||.||X norm by computing the correlation matrix as:

C = STAµ̄
hS (30)

Finally, the POD algorithm when ns ≤ Nh can be summarized as follows (from[15]):

Algorithm 1 POD algorithm with respect to the ||.||X norm

function V = POD(S, Aµ̄
h, ϵPOD)

form the correlation matrix C = STAµ̄
hS

solve the eigenvalue problem Cψi = σ2
iψi, i = 1, . . . , r

set ζi =
1
σi
Sψi

define N as the minimum integer such that I(N) ≥ 1− ϵPOD

set V = [ζ1, ζ2, ..., ζN ]
end function

As we already mentioned, in a POD setting, we avoid the computation of the SVD of
S ∈ RNh×ns (Nh usually very large), and we deal with the correlation matrix C ∈ Rns×ns

instead. However, solving ns≫ N high-fidelity problems to construct the snapshot matrix S is
still computationally expensive. To address this issue, the Greedy method is an alternative that
allows the construct of the reduced basis space in an iterative way. This method is discussed
in the next section.

3.4.2 Greedy Method

Unlike the proper orthogonal decomposition (POD) method, the greedy algorithm follows an
iterative procedure. In each iteration, a new basis function is added, leading to an enhancement
in the overall accuracy of the basis space. This process involves computing one high-fidelity
solution per iteration, with a total of N high-fidelity solutions required to construct the N-
dimensional reduced basis.

The main idea behind the greedy algorithm is to select at each iteration n, the next basis
function that maximizes the error, more precisely, we are looking for uh(µn+1) such that:

µn+1 = argmax
µ∈P

||uh(µ)− V nun(µ)||X (31)

12



where V n ∈ RNh×n is the reduced basis space at the n-th iteration and un(µ) ∈ Rn is the
solution of the reduced problem (22). In other words, at each step, the greedy algorithm selects
the worst element approximated by the current reduced basis space.

The main goal of the greedy algorithm is to construct a quasi-optimal reduced basis space
in a more efficient way (compared to SVD/POD), even if we are talking here about an offline
cost. The cost of solving problem (31) is very high for the following reasons:

• Finding the maximum in (31) over the entire parameter space P is computationally
infeasible.

• We need the high fidelity solution uh(µ) for each parameter value to evaluate the error.

To address the first point, we introduce a finite training set Ph ⊂ P of cardinality ntrain. The
maximum in (31) is then computed over Ph instead of P . This turns the problem of finding
the maximum of the error bound over P into a simpler enumeration problem, where we only
need to list the values of the error and select the maximum. However, the second point remains
a challenge as we still need to compute the high-fidelity solution for each parameter value in
Ph. To address this issue, an error estimator ∆n(µ) is used in practice. This a posteriori error
estimator verifies:

||uh(µ)− V nun(µ)||X ≤ ∆n(µ), ∀µ ∈ P (32)

This error estimator can be computed efficiently and independently of Nh. Finally, the maxi-
mization problem in (31) can be replaced by:

µn+1 = argmax
µ∈Ph

∆n(µ) (33)

and the new basis function ζn+1 is given by applying a Gram-Schmidt orthogonalization process
to the high fidelity solution uh(µn+1) to ensure some numerical stability properties.

Figure 5: Greedy Procedure

Since the greedy method is not used in this project, we will not go into more detail about
how to compute ∆n(µ).

3.5 Affine Decomposition

After constructing the reduced basis spaceXN as discussed in 3.4, we return to the reduced basis
approximation (20). The matrix Aµ

N is full (dense), while the matrix Aµ
h is sparse. However,

since N ≪ Nh, solving the reduced problem (22) is much cheaper than solving the high fidelity
problem (14). Unfortunately, the assembly of the reduced matrix Aµ

N and fµN depends on Nh.
More precisely, to compute the reduced basis solution matrix Aµ

N , one has to compute the full
order solution matrix Aµ

h and projecting it onto the reduced space XN :

13



Aµ
N = V TAµ

hV (34)

For each new parameter value µ, we need to assemble the matrix Aµ
h. This operation

depends on Nh which is generally very large, so it is very expensive and we would like to avoid
it, especially in the online stage.

To overcome this issue, we assume that the bilinear form a(·, ·;µ) is affine in the parameter
µ, i.e.:

a(·, ·;µ) =
Qa∑
q=1

θaq (µ) aq(·, ·) (35)

where aq : X×X → R are bilinear forms independent of µ and θaq : P → R are scalar quantities
depending only on µ.

Now, a series of Qa matrices Aq
N ∈ RN×N (associated to aq) can be precomputed indepen-

dently of µ in an offline stage. Then, during the online stage, for a given parameter value µ,
we compute the reduced basis solution matrix Aµ

N as follows:

Aµ
N =

Qa∑
q=1

θaq (µ)A
q
N (36)

This operation has a complexity proportional to O(QaN
2) which is independent of Nh >> N .

The same assumption can be made for the linear form f(·;µ).
The possibility of ensuring an offline-online decomposition of the RBM relies on the affine

decomposition assumption. However, in practice, nothing guarantees that this assumption is
satisfied. In this case, multiple strategies can be used to ensure an offline-online decomposition
like the Empirical Interpolation Method (EIM). In these methods, the bilinear (and linear)
forms are approximated by a quantity that verifies the affine decomposition assumption.

Back to our test case 2, both, the bilinear form a(·, ·;µ) and the linear form f(·;µ) are affine
in the parameter µ and verify the affine decomposition assumption. Indeed, the bilinear form
can be written as:

a(u, v;µ) =

Nf∑
i=0

ki
∫
Ωi

∇u · ∇v dx+Bi

∫
Γext

uv ds (37)

which is equivalent to (35) with Qa = Nf + 2 and {aq}Qa

q=1, {θaq}
Qa

q=1 are given by:

θa1(µ) = k0 = 1, a1(u, v) =

∫
Ω0

∇u · ∇v dx, (38)

θai (µ) = ki−1, ai(u, v) =

∫
Ωi−1

∇u · ∇v dx, i = 2, . . . , Nf + 1, (39)

θaNf+2(µ) = Bi, aNf+2(u, v) =

∫
Γext

u v ds, (40)

3.5.1 Results

The procedure described in the previous sections is implemented in this project. We consider at
first a simple numerical experiment where we compare the FEM and RBM solutions for given
parameter values. Close to the test case in section 3.2, we consider Nf = 5 and P = 1, where the
conductivity is fixed to ki = 0.9∀i, and the Biot number is varied in the range Bi ∈ [0.001, 1].
The high fidelity problem is exactly as described in section 3.2 with Nh = 89745 DOF. For
this problem, for ϵPOD = 10−5, the number of modes required is N = 8. In figures 6 and 7, we
present the FEM and RBM solutions for Bi = 0.001 and Bi = 1 respectively.
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Figure 6: FEM(left) and RB with N = 8(right) solutions for Bi = 0.001

Figure 7: FEM(left) and RB with N = 8(right) solutions for Bi = 1

An error analysis is shown in figure 8 where we present the maximum relative error in
energy norm and the maximum relative output error for different number of modes. We can
additionally verify the quadratic property of the output error with respect to the energy error
for compliant problems:

|sh(µ)− sN(µ)| = ||uh(µ)− uN(µ)||2µ (41)

where ||.||µ is the energy norm induced by the bilinear form a(·, ·;µ).

Figure 8: Relative error vs the number of modes for P = 1

Finally and most importantly, by reducing the complexity dependence from Nh to N = 8,
the time required to get a solution is reduced from 5.18 seconds to 1.98× 10−4 seconds.

3.6 Classical Reduced Basis method Challenges

As we have seen in the previous sections, the reduced basis method aims to guarantee both
accuracy and efficiency. However, this efficiency depends on the compactness of the reduced
basis, N. For a large class of problems, the number of modes N required to reach a given
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accuracy could be very large. For instance, as we have mentioned in 1.3, hyperbolic transport
problems have a slow decay of the Kolmogorov width which implies that the solution manifold
is not well approximated by a low dimensional linear space. Another challenge for the classical
reduced basis method is the curse of dimensionality of the space Ω or even the parameter space
P . For the latter, we can study it in our test case by increasing the number of subfins Nf and
the number of parameters P . Let us consider the same test case with 5 subfins and compare
the number of modes required to reach a given accuracy for P = 1 and P = 6. In figure 9 and
with more details in table 1, a comparison is made between P = 1 and P = 6. The number
of modes required to reach the same accuracy is much larger for P = 6 than for P = 1 and
the Kolmogorov width decay is slower. Since our test case is linear, even if the number of
modes required is large, the online time is still very small. However, it is chosen as a simple
example to illustrate the challenges of the classical reduced basis method and test the nonlinear
compressive reduced basis approximation method.

Figure 9: Relative error vs number of POD modes for P = 1(left) and P = 9(right)

Table 1: Comparison between P = 1 and P = 6

P Nmax Online time FEM time Max L2 error Mean L2 error
1 8 1.98e-04 5.18e-01 3.17e-05 6.37e-06
6 63 6.42e-04 5.18e-01 2.29e-05 3.68e-06

4 Nonlinear compressive reduced basis approximation

In this section, the nonlinear compressive reduced basis approximation method is presented. As
mentioned in section 1.3, this method is proposed in [2, 5] to deal with the particular situation
where the Kolmogorov widths decay slowly. We will first introduce some essential mathematical
definitions and concepts, then we will present the methodology and the algorithm and finally,
we will discuss some numerical results.
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4.1 Encoder-decoder framework

Generally speaking, in approximation theory, approximation methods depending on m param-
eters are built on 2 continuous mappings:

• The encoder:
E : X → Rm

For a given u ∈ X, E(u) is a vector of m parameters that represents (encodes) u.

• The decoder:
D : Rm → X

which is used to reconstruct an approximation of u from E(u).

The approximation of u is then given by the encoder-decoder composition:

u ≈ D(E(u))

The quality of this approximation can be measured by its maximum distortion (worst case)
over M:

Ewc(M;E,D) = max
v∈M

∥v −D(E(v))∥

This leads us to the notion of widths:

inf
E,D

Emax(M;E,D)

by optimizing the choice of (E,D) under specific restrictions. In our study, we are particularly
interested in the following cases:

• If we assume that the decoder D is linear, we obtain the Kolmogorov m-width:

dm(M) := inf
dim(XN )≤m

max
v∈M

min
w∈XN

∥v − w∥X (42)

which measures how well the set M can be approximated by an m-dimensional subspace.

• Reciprocally, if we assume that the encoder E is linear, and the decoder D is nonlinear,
we obtain the sensing numbers:

sm(M) := inf
D,λ1,...,λm

max
v∈M

∥v −D(λ1(v), . . . , λm(v))∥X (43)

where λ1, . . . , λm are linear functionals.

4.2 Sensing number and Parameter identification

After introducing the encoder-decoder framework, each method can now be seen as a particular
choice of (E,D). The classical RBM can be seen as a linear encoder-decoder method, which is
why it is described as a Kolmogorov-based method. On the other hand, autoencoder methods
in [8, 11] can be seen as nonlinear encoder-decoder methods, where the notion of auto-encoder
is used to minimize the information needed to reconstruct the identity in M, as a combination
of two neural networks E and D (i.e. Id = D◦E), and where the size of the layer at the output
of E and the input of D is minimized.. looking thus to identify m. In these publications, neural
networks are therefore used to discover E and D, and further investments are made in the field
of machine learning, with two warnings: the amount of data required to train the associated
networks, and the lack of understanding underlying machine learning.
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In the opposite direction, we can refer to a still timely but much older problem of “parameter
reconstruction” or “parameter identification”, and ask what minimal knowledge on the elements
v of M is required to identify the value of parameters µ in P such that v = u(µ). Indeed,
assuming that we have such a reconstruction R : v ∈ M 7→ µ ∈ P , then the identity mapping in
M : IdM would involve the solution operator µ ∈ P 7→ u(µ) ∈ M so that IdM = v 7→ u(R(v))
.

Our approach stands in the middle of these two extreme encoder-decoder paradigms and
relies on the two notions. The first one is the sensing numbers sm(M) defined in 43, where
the encoder is still assumed to be linear but the decoder is assumed to be nonlinear. Then,
referring to the parameter reconstruction/identification, we can raise the question: what are
the best linear mappings λ1, . . . , λm that represent well M, or, if we remember that we are in
a Hilbert setting, from Riesz identification between X and X ′, the question becomes: what are
the best elements in X : v1, . . . , vm that are the more aligned with M (in order to have the
largest scalar product with any element of M), so that, for any w ∈ M and any j, 1 ≤ j ≤
m : λj(w) = (vj, w)X are the best linear functional appearing above? This is actually what is
considered in the POD framework within the notion of Relative Information Content: the first
modes on the POD approach are the ones that contain in the vectorial space spanned by M the
largest amount of information. This naturally leads to considering that the first POD functions
vj = ζj are the best elements that carry the information on solutions in M. This is what led
the authors in [2, 5] to propose the “ansatz” that a candidate for the optimal encoder in 43
consists in the moments associated with those POD modes. In order to evaluate this claim, let
us understand to which extent and how many of these first POD moments allow us to recover
the parameters and define a reconstruction R that is written under the form R = DR ◦E where
the encoder E is linear and defined as being the set of moments

v 7→ {(v, ζj)X}mj=1 (44)

Actually, in dimension P = 1 (only the Biot number is varying) the following figure 10 graphi-
cally illustrates the simple dependence of the Biot number as a function of the first moment of
the solution, which is the sought for decoder DR. The (Lipschitz) continuity of u with respect
to Bi and, thus, the continuity of the decoder D = u ◦ DR, is a classical result (see e.g. [15]
Sect.5.3 for the proof).

In higher dimensions, we have to investigate the nonlinear decoder. As is presented in [5],
where polynomial and ensemble learning regression methods (like a random forest) can be used
to define the decoder. Back with the 1-dimensional problem (P = 1), the dependence of µ = Bi
with respect to the first coefficient displayed in Figure 10 can very well be approximated as a
spline regression problem. By increasing the number of knots (nknots) and the degree of the
model, spline regression can achieve machine precision. Decision trees and random forests also
deliver excellent accuracy, with mean relative errors reaching up to 10−7. However, polynomial
models perform very weakly on this problem and do not achieve the same level of precision.
In higher-dimensional problems (P > 1), the regression problem becomes harder, and some
algorithms suffer from the curse of dimensionality, as is well reported in the literature see
[3]. In our case, the reconstruction of the parameter using decision trees (or random forests)
gives ”acceptable” results up to P = 3 (a mean relative error of 10−3 on the Biot number
reconstruction and 10−2 for k0 and k1 ). For the same reason, for P > 3, more advanced models
need to be employed to achieve a reasonable reconstruction of the parameters. We can conclude
from these initial results that indeed sm(M) = 0 for m ≥ P , at least for P = 1, 2, 3, which sets
the connection between the manifold dimension and the complexity of the manifold written in
terms of sensing number rather than Kolmogorov m width.
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Figure 10: Dependence of µ = Bi on the first RB coefficient (uµN)1

4.3 Methodology Overview

As we have discussed in sections 1.3 and 3.6, the linear reduced basis approximation is not
always suitable, in particular for problems with a slow Kolmogorov width decay. It is then
natural to consider the nonlinear reduced basis approximation. In this section, we will present
the nonlinear compressive reduced basis approximation method proposed in [5, 2] which intends
to deal with the particular situation where:

• The Kolmogorov widths dm(M) decay slowly.

• The sensing numbers sm(M) decay much faster.

These two assumptions tell us, that the same target accuracy ϵ can be reached either by sn(ϵ)(K)
or dN(ϵ)(K) with n(ϵ) ≪ N(ϵ). In section 3, we have seen that the classical RBM is based on
the Kolmogorov width dN(ϵ)(M) and that the basis can be constructed using the POD method
where N(ϵ) is chosen using a RIC criterion. On the other hand, the optimal n(ϵ) measurements
λ1, . . . , λn(ϵ) in the definition of sn(ϵ)(M) are not available in general. However, in 4.2, we
have seen that it is reasonable to consider them as the moments associated with the first n(ϵ)
POD modes where n(ϵ) = n ≈ P . It is reasonable then to expect that the N − n remaining
coefficients depend somehow on the first n coefficients. Mathematically, if we denote (ψi)

N
i=1

the POD basis computed offline, then by 21, the reduced basis approximation is given by:

uN(µ) =
N∑
i=1

(uµN)i ζi

In addition, we expect that :

(uµN)k = ϕk((u
µ
N)1, . . . , (u

µ
N)n), ∀k ∈ {n+ 1, . . . , N}, (45)
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where (ϕk)
N
k=n+1 are unknown nonlinear transformations. Then, it follows from the reduced

basis problem (20) that:

a(uN(µ), ζi;µ) = f(ζi;µ), ∀i ∈ {1, . . . , n} (46)

by taking vN = ζi for i ∈ {1, . . . , n}, then from (45) we have:

n∑
j=1

(uµN)j a(ζj, ζi;µ) +
N∑

j=n+1

ϕj((u
µ
N)1, . . . , (u

µ
N)n) a(ζj, ζi;µ) = f(ζi;µ), ∀i ∈ {1, . . . , n}

Which can be written in the matrix form:

Aµ
nu

µ
n = fµn −Bµϕ(uµ

n) (47)

where Aµ
n = (a(ζj, ζi;µ))

n
i,j=1 ∈ Rn×n, fµn = (f(ζi;µ))

n
i=1 ∈ Rn, uµ

n = ((uµN)i)
n
i=1 ∈ Rn,

ϕ(uµ
n) = (ϕj(u

µ
n))

N
j=n+1 ∈ RN−n and Bµ = (a(ζj, ζi;µ))

n,N
i=1,j=n+1 ∈ Rn×(N−n). The nonlinear

transformations {ϕk}Nk=n+1 are approximated by a regression nonlinear model ϕ̂ : Rn → RN−n.
This model is learned in an offline phase. Finally, the online phase consists of solving the
following nonlinear system:

Aµ
nu

µ
n = fµn −Bµϕ̂(uµ

n) (48)

We can see that ϕ̂ should be learned on the reduced model, which makes the generation of
training data much cheaper than generating the snapshots during the basis construction. Ad-
ditionally, these precomputed snapshots can also be used as a training set for the nonlinear
model ϕ̂ after being projected on the reduced basis space.

The nonlinear compressive RBM is not independent of the classical RBM, instead, it builds
on it trying to get the same final approximation (same basis) but in a more efficient way. In
practice, the full basis of size N is constructed as in the classical RBM and our final approx-
imation lies in this N -dimensional space. This is why the method is not expected to give a
better accuracy than the classical RBM, but instead to be more efficient while keeping the same
accuracy.

This being said, we can now present the algorithm of the nonlinear compressive reduced
basis approximation method. We start by the offline phase where we construct the reduced
basis, learn the nonlinear model ϕ̂ and assemble the offline quantities that are independent of
the parameter.

Algorithm 2 Nonlinear compressive reduced basis offline phase

1: Compute the reduced basis of size N using POD.

2: Assemble {Aq
N}

Qa

q=1, {Bq}Qa

q=1 and {f qN}
Qf

q=1

3: Choose a train sample of size M : {µ1, . . . , µM}.
4: for i = 1 to M do
5: Assemble Aµi

N =
∑Qa

q=1 θ
a
q (µi)A

q
N and fµi

N =
∑Qf

q=1 θ
f
q (µi)f

q
N .

6: Solve for ui, Aµi

Nui = fµi

N .

7: for k = n+ 1 to N do

8: Learn ϕ̂k = argminϕk∈F

{∑M
i=1 |ui

k − ϕk(u
i
1, . . . ,u

i
n)|

2
}
.

In the algorithm 2, we described the learning process of the nonlinear model ϕ̂ as minimizing
a mean squared loss to select the best model within a sufficiently rich class F of nonlinear
functions. This class could be for example, the set of:

• Quadratic functions as in [1].
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• Polynomials of some higher degree d > 2.

• Splines.

• Neural networks as in [2].

another class of regression models used in this work is tree based models, such as decision trees
and random forests. The choice of the regression model is critical since it affects the accuracy,
stability and computational cost (online and offline) of the method.

In the online phase, we solve the nonlinear system 48 for a given parameter value µ. For
the sake of simplicity, we consider the Picard iteration method to solve the nonlinear system
in the algorithm 3. In practice, more advanced and stable methods can be used to solve the
nonlinear system.

Algorithm 3 Nonlinear compressive reduced basis online phase (Picard iteration)

1: Assemble Aµ
n =

∑Qa

q=1 θ
a
q (µ)A

q
n, B

µ =
∑Qa

q=1 θ
a
q (µ)B

q and fµn =
∑Qf

q=1 θ
f
q (µ)f

q
n.

2: Initialization: u0
n = u0, s.t. A

µ
nu0 = fµn .

3: Iteration k:
4: Compute ϕ̂(uk−1

n ).
5: Solve Aµ

nu
k
n = fµn −Bµϕ̂(uk−1

n ).
6: Stopping criterion: ∥uk

n − uk−1
n ∥ < ϵ.

7: uµ
N = [uk

n, ϕ̂(u
k
n)].

4.4 Regression step

One of the fundamental steps in the nonlinear compressive RBM is the regression task, specif-
ically training a model that accurately predicts the high RB coefficients from the first n in-
dependent ones. Both accuracy and performance (prediction cost) are crucial in this step.
Accuracy is vital because any error in this step introduces a corresponding error in the final
RB approximation. Performance is equally important, as it significantly impacts online perfor-
mance, especially that the prediction is used iteratively. Another fundamental consideration is
the stability of these approximations. An unstable model is more likely to cause divergence in
the associated nonlinear solvers.

In the following, we present the results of the regression task. We start with a 1-dimensional
problem (P = 1) and then move to higher dimensions (P > 1). We consider the same test case
as in section 2 with Nf = 5. The data is generated using the classical RBM as described in
section 3.

4.4.1 P = 1

Starting with the 1-dimensional case (P = 1), we consider the problem of predicting the last
(N − n) coefficients from the first n coefficient(s). The value of N is determined such that
ϵPOD = 10−5, which gave us N = 8. Following the discussion in section 4.2, it is natural to
expect that n = 1 is sufficient for the reconstruction of high modes. This is geometrically
illustrated in Figure 11 where we can see the nonlinear dependence of the high RB coefficients
on the first one.

For this regression task, we tested several classical ML algorithms, namely decision tree,
random forest, spline, and polynomial regression. The training dataset size is 107 for decision
tree and random forest models and 105 for polynomial and spline models. In Figure 12, we can
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Figure 11: Dependence of the high RB coefficients on the first one for P = 1

see that splines provide the best accuracy compared to other models. The accuracy of polyno-
mial regression improves with increasing degree due to the oscillatory behavior of the higher
RB coefficients (see Figure 11). The spline model, tuned with hyperparameters (knots=100,
degree=10), achieves the best accuracy due to its local adaptability, giving it a significant
advantage over polynomials.

Figure 12: Mean absolute error on a test set for different ML models for P = 1 and n = 1.

Next, we consider increasing values of n for P = 1. The results are depicted in Figure 13.
We observe that decision trees (and similarly random forests) do not improve, while polynomial
regressors gain in accuracy. This result is expected and can be explained by the fact that the first
coefficient is the only independent one. Increasing n does not provide additional information
but implicitly increases the degree of polynomial models, which explains the improvement
in accuracy. While this approach appears to work well with polynomials, it has significant
drawbacks. Firstly, increasing n, significantly raises the prediction cost, given by

(
n+d
d

)
where
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Figure 13: Mean absolute error for different number of features n and P = 1

d is the degree of the polynomial. Secondly, it introduces an instability in the model. This
is instability can be seen as an extrapolation issue where the model predicts very large values
outside the training range. This is particularly problematic in the online phase, especially when
using Picard iteration for solving the nonlinear system. Other nonlinear solvers are more robust
and can handle such issues.

4.4.2 Multi-parameter case

We now consider the case P = 2. The number of POD modes N(ϵPOD) = 25. Figure 14
shows that for n = P = 2, decision trees and random forests perform better than polynomials;
however, we do not achieve the same accuracy as for P = 1. Similar to P = 1, increasing n
improves the accuracy of polynomial models but leads to instability.

Figure 14: Mean absolute error on a test set for different ML models for P = 2 and n = 2.

For higher parameter dimensions (P > 2), the multivariate regression task becomes more
complex. Achieving acceptable accuracy using these classic machine-learning algorithms is
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challenging and improved approaches need be involved. This is illustrated in Figure 15 for
P = 3 and in Figure 16 for P = 6 where the accuracy is not satisfactory.

Figure 15: Mean absolute error on a test set for different ML models for P = 3 and n = 4.

Figure 16: Mean absolute error on a test set for different ML models for P = 6 and n = 6.

4.5 Nonlinear compressive RBM in action

After generating the reduced basis as described in section 3 and training the regression model
as described in section 4.4, we can now move to the online phase. This phase consists of
solving the nonlinear system 48 for a given parameter value µ. This can be done using iterative
methods such as Picard iteration, Newton’s method, or any other nonlinear solver. In our
numerical experiments, we use ’fsolve’ from the ’scipy.optimize’ package in Python, which is
based on the Powell hybrid method and is more robust than the Picard iteration, especially for
the extrapolation problem of the polynomial regression models discussed in section 4.4.
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Our test case 2 is chosen to verify the fundamental dependence and the applicability of the
nonlinear compressive RBM. However, the original problem is elliptic and linear which makes
the classical RBM very efficient. For this reason, we will not perform time-based comparisons
between the classical and the nonlinear compressive RBM. A more relevant test case to show
the efficiency of the nonlinear compressive RBM is hyperbolic transport problems.

Theoretically, once N is fixed, the nonlinear compressive RBM should retrieve the same
accuracy as the classical RBM. This is true if we have a perfect regression model. However,
in practice, as we have seen in section 4.4, we had some issues with the regression model,
especially for higher dimensions. This regression error dominates the final error in all our
numerical experiments.

For the 1-dimensional case (P = 1), we have seen that using a spline regression model
gives perfect accuracy. With this regression model, we can now retrieve same accuracy as the
classical RBM with N = 8 modes. This is illustrated in table 2.

For the 2-dimensional case (P = 2), we have seen that using a decision tree regression model
gives a good but not sufficient accuracy. To reach the same accuracy as the classical RBM with
N = 22 modes, we need to increase n to 6 and use a polynomial regression model of degree
4. As we already mentioned, this is not the best choice since the dependence of the high RB
coefficients is on the first two coefficients. This is illustrated in table 3. As expected, for P > 2,
the results become less accurate and the regression error dominates the final error.

Table 2: Nonlinear compressive RBM results for P = 1

Model Mean Energy Error Mean L2 Error Max L2 Error
Classical RBM (with 8 modes) 1.22× 10−5 6.80× 10−6 3.86× 10−5

Classical RBM (with 1 mode) 5.96× 10−1 6.33× 10−1 2.68× 100

Spline 1.22× 10−5 6.80× 10−6 3.86× 10−5

Decision tree 1.22× 10−5 6.84× 10−6 3.87× 10−5

Degree 6 regression 3.78× 10−3 1.96× 10−2 3.78× 10−3

Table 3: Nonlinear compressive RBM results for P = 2

Model Mean Energy Error Mean L2 Error Max L2 Error
Classical RBM (with 22 modes) 7.46× 10−6 2.59× 10−6 5.12× 10−6

Classical RBM (with 6 modes) 2.35× 10−2 1.14× 10−2 1.98× 10−2

Classical RBM (with 2 modes) 2.42× 10−1 1.67× 10−1 3.49× 10−1

Degree 4 (n=6) regression 7.46× 10−6 2.59× 10−6 5.12× 10−6

Decision tree (n=2) 1.55× 10−3 6.74× 10−4 2.84× 10−3

4.6 Implementation

In this section, we present the implementation of the classical and the nonlinear compressive
RBM. The implementation is done in python language and relies on the Feel++ library for
the finite element method (FEM) computations more specifically on the linear-bilinear forms
API. It consists of a generic (problem independent) class Crb. This class provides all the
methods needed to compute both high fidelity (FEM here) and reduced basis solutions. The
main methods are:

• decompose: A vitual method that should be implemented in the problem dependent
subclass. It is used to specify the weak formulation of the problem in affine decomposition
form.
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• solve: Solve the FEM problem for a given parameter value µ, this method returns the
solution uh(µ) and the output sh(µ).

• POD: Generate N−dimensional reduced basis space XN using a given training set. The
number of modes N can be chosen by the user or determined using the RIC criterion to
achieve a target accuracy ϵPOD.

• assembleRbOffline: Assemble all the offline matrices Aq
N and f qN in order to perform

an efficient online phase. This method is called only once in the offline stage.

• assembleOfflineNonlinear: Assemble the offline matrices Bq needed for the nonlinear
compressive RBM. This method is called only once in the offline stage (only for the
nonlinear compressive RBM).

• assembleOnlineAN: Assemble the online matrix Aµ
N for a given parameter value µ from

the offline matrices Aq
N . This method is called in the online stage. Additionally, it can

be called to assemble a submatrix Aµ
n of Aµ

N for the nonlinear compressive RBM.

• assembleOnlinefN: Assemble the online vector fµN for a given parameter value µ from
the offline vectors f qN . This method is called in the online stage. Additionally, it can be
called to assemble a subvector fµn of fµN for the nonlinear compressive RBM.

• assembleOnlineB: Assemble the online matrix Bµ for a given parameter value µ from
the offline matrices Bq. This method is called in the online stage (only for the nonlinear
compressive RBM).

• onlineSolve: Solve the online problem of the classical RBM for a given parameter value
µ, this method returns the solution uN(µ) and the output sN(µ).

• onlineSolveNonlinear: Solve the online problem of the nonlinear compressive RBM
for a given parameter value µ. The user can choose the nonlinear solver to use (Picard
iterations by default). This method requires a regression model already trained (with a
predict method). It returns the solution uN(µ) and the output sN(µ).

Since the class Crb is case-independent, we need to create a subclass for each problem we
want to solve and implement a few virtual methods. In the following, we give an example of a
subclass for our test case 2.

We create a subclass Fin where we set the problem-specific parameters and methods. In
particular, in decompose() method we precise the weak formulation (in affine decomposition
form) using Feel++ bilinear and linear forms. For our test case, the affine decomposition is
already given in section 3.5. This can be implemented as follows:

1 def decompose(self):

2 # assemble rhs

3 self.Fq=[]

4 for i,mat in enumerate ([’Gamma_root ’]):

5 self.Fq.append(self.lap.assembleFlux(markers =[mat],coeffs =1))

6 self.f_thetas.append(lambda mu: 1)

7 # assemble the bilinear forms

8 self.Aq=[]

9 for i,mat in enumerate ([’Post’]+[f’Fin_{j}’ for j in range(1,self.nfins +1)

]):

10 C=np.array ([[1 ,0] ,[0 ,1]])

11 self.Aq.append(self.lap.assembleGradGrad(markers =[mat],coeffs=C))

12 if i == 0 or i >= self.nfins +1:

13 self.a_thetas.append(lambda mu: 1)
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14 if i > 0 and i < self.nfins +1:

15 self.a_thetas.append (( lambda index: lambda mu: mu[index -1])(i))

16 for i,mat in enumerate ([’Gamma_ext ’]):

17 self.Aq.append(self.lap.assembleMass(markers =[mat],coeffs =1))

18 self.a_thetas.append(lambda mu: mu[self.nfins])

This affine decomposition will be used to ensure efficient reduced basis approximation
through the offline-online decomposition. For the truth solver, we can simply reassemble the
bilinear and linear forms for each new parameter value µ and solve the problem using solve()
method. While for the reduced basis solver, we have to perform the offline phase before solving
the reduced problem.

5 Quadratic approximation

In 1, we discussed in detail the limitations of the classical RBM and the notion of the Kol-
mogorov barrier. Then, we briefly introduced some nonlinear approximation techniques be-
fore presenting the nonlinear compressive RBM. Here we present the quadratic approximation
method proposed in [1], study its advantages and limitations, and compare it to the nonlin-
ear compressive RBM with a quadratic regression model. We will change the notations to be
consistent with the ones used in [1]. Here, N and n don’t have the same meaning as in the
previous sections. We recall that the classical RBM approximates a high fidelity solution (in a
vector form) u ∈ RN by linear approximation ũ ∈ RN :

ũ = V q (49)

where V ∈ RN×n is the reduced order basis, n≪ N and q ∈ Rn is the vector of coordinates in
the reduced basis, known as vector of generalized coordinates.

In the quadratic method, the idea is to add a quadratic correction term to the linear ap-
proximation in (49). This approach can be motivated from a Taylor expansion viewpoint. The
linear part of the approximation can be computed in the same way as we have done so far,
typically using an SVD of the snapshot matrix. Then, the quadratic term is computed by mini-
mizing the error between the high-fidelity solution and the corresponding linear approximation.
Following this, the quadratic approximation is given by:

ũ = V q +H[q ⊗ q] (50)

where H ∈ RN×n2
and ⊗ represents the vectorized Kronecker product such that q ⊗ q ∈ Rn2

.
Note that if we denote n1 the number of basis functions needed to achieve a certain accuracy
using the classical RBM, then the number of basis functions needed to achieve the same accuracy
using the quadratic approximation is n2 ≈

√
n1.

5.1 Two-step construction of a quadratic approximation

The main step in the construction of the quadratic approximation is the computation of the
matrix H. Here, we present a two-step approach to compute H as proposed in [1].

In the first step, we compute the matrix V ∈ RN×n, n ≪ N , using an SVD of a snapshot
matrix S ∈ RN×Ns , where Ns is the number of high fidelity solutions collected.

In the second step, H ∈ RN×n2
is determined such that for all solution snapshots in S, the

errors of the quadratic approximation (50) are minimized.
The two-step aspect of the approach outlined above for determining the matrix coefficients

of the quadratic solution approximation (50) has an advantage over an alternative approach
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where both V and H are simultaneously determined. Indeed, the two-step approach allows a
full column rank and orthogonality of V , for example, V TV = I, which is numerically more
convenient.

In practice, for each solution snapshot ul collected in S ∈ RN×Ns , let el ∈ RN denote the
error associated with its orthogonal projection on the subspace represented by V – that is,

el = ul − V ql, ∀l = 1, . . . , Ns (51)

the vector of generalized coordinates ql is computed such that the corresponding error el is
orthogonal to the subspace represented by V and if by construction V is orthogonal, it follows
from (51) that

ql = V Tul, ∀l = 1, . . . , Ns (52)

Assembling all approximation errors (51) in the matrix E ∈ RN×Ns and all vectors of
generalized coordinates (52) in Q ∈ Rn2×Ns as follows

E = [e1, . . . , eNs ], Q = [q1 ⊗ q1, . . . , qNs ⊗ qNs ] (53)

constructing the matrix H can be written as:

H = arg min
H′∈RN×n2

∥E −H ′Q∥F (54)

Let [E]i,1 and [H]i,1, i = 1, . . . , N denote the row partitioning of the matrices E and H
respectively. Using this partitioning, the minimization problem (54) can be rewritten as:

H = arg min
H′∈RN×n2

N∑
i=1

∥[E]i,1 − [H ′]i,1Q∥22 (55)

from 55, it follows that the minimization problem is separable in the rows of H and can
be solved independently for each row (embarrassingly parallel). We have these N least squares
problems:

hi = [H]i,1 = arg min
h′
i∈R1×n2

∥[E]i,1 − h′iQ∥
2

2 , i = 1, . . . , N (56)

We can see that each column block ql⊗ ql in Q contains n2 entries. However, due to symmetry,
n(n − 1)/2 of these are repeated entries. The matrix Q is then ill-conditioned. This specific
issue can be addressed by simply excluding all duplicate entries from the construction of Q to
obtain in principle a redundancy-free matrix Q̄ ∈ Rn(n+1)/2×Ns . In this case, the corresponding
entries in each row vector hi are also excluded from its definition to obtain a new row vector
h̄i ∈ R1×n(n+1)/2.

Depending on the combination of the number of collected solution snapshots Ns and the
target dimension of the linear part n, each regularized least squares problem in (56) can be
underdetermined, square, or overdetermined. Typically, Ns > n(n + 1)/2, which leads to an
overdetermined system (more equations than unknowns). In this case, an approximate solution
of each least squares problem in (56) can be obtained using an SVD of the matrix Q based
on the pseudo-inverse. The approximate solution of the least squares problems in (56) is then
given by:

h̄i = UΣ−1V T [E]Ti,1 (57)

where Q = UΣV T is the SVD of Q̄.
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5.2 Comparison with the nonlinear compressive RBM

The nonlinear compressive RBM with a general regression model such as random forests or
neural networks is more general than both quadratic approaches and reduces the complexity
to some n ≈ P . However, if we choose a quadratic regression model nothing guarantees that
the nonlinear dependence of the high RB coefficients on the first n coefficients is quadratic.
That is why we need to increase n to make the regression model more flexible and get better
accuracy. For the quadratic approximation in [1], the basis functions in H are optimized for
a quadratic dependence, which is not the case for the nonlinear compressive RBM where the
basis functions associated to the quadratic term are the rest of the POD modes.

Even if none of these two quadratic approaches can be seen as a generalization of the other,
we can see that the quadratic term q ⊗ q is homogeneous in the coordinates q and don’t cover
constant or linear terms which is not the case for the quadratic model used in the nonlinear
compressive RBM. In this particular sense, the nonlinear compressive RBM with a quadratic
regression model is more general than the quadratic approximation in [1].

To illustrate this, we consider a simple test case where the parametric solutions are given
by:

u(c) = cϕ1 + (α + βc+ γc2)ϕ2 (58)

Here the parameter is µ = c. We recall that in both quadratic approaches, an SVD is first
performed. It is clear that only 2 modes are needed to capture the solutions in (58). However,
nothing guarantees that these 2 modes will be ϕ1 and ϕ2 and that the quadratic dependence of
the second coefficient will be preserved after the SVD. To make the test more realistic, we add
some constraints and we choose ϕ1, ϕ2 and α, β, γ in a way that the we get the same expression
as in (58) after the SVD. We impose the following constraints:∫

Ω

ϕ1ϕ1dx = 1,

∫
Ω

ϕ2ϕ2dx = 1,

∫
Ω

ϕ1ϕ2dx = 0,∫ cmax

cmin

c2dc = 1,

∫ cmax

cmin

(α + βc+ γc2)2dc = 1,

∫ cmax

cmin

c(α + βc+ γc2)dc = 0
(59)

Finally, to control the order of ϕ1 and ϕ2 in the SVD, we add some weights λ1 and λ2 such
that λ1 > λ2 > 0. And our test case becomes:

u(c) = λ1cϕ1 + λ2(α + βc+ γc2)ϕ2 (60)

where the constraints in (59) are satisfied.
With the test case in (60), applying an SVD to a snapshot matrix will give approximately

ϕ1 and ϕ2 as the first two modes. To test the limitation of the quadratic approximation in
[1] discussed above, we consider n = 1. It is clear that the nonlinear compressive RBM with
a quadratic regression model will retrieve exactly the second coefficient and thus the exact
solution. However, the quadratic approximation in [1] will not be able to retrieve the constant
term α and the linear term βc in the second coefficient. This is illustrated in table 4.

Table 4: Comparison between the quadratic approximation in [1] and the nonlinear compressive
RBM with a quadratic regression model

Model Mean L2 Error
Classical RBM (with 2 modes) ≈ 0
Classical RBM (with 1 mode) 0.0012
Quadratic approximation 0.0012
NL compressive RBM with quadratic model 3.6933× 10−12
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5.3 Enhanced quadratic approximation

The quadratic approximation in [1] has some limitations, one of them is that the quadratic
term q ⊗ q doesn’t cover constant or linear terms as we have seen in the previous section. To
overcome this limitation, we propose an enhanced quadratic approximation where we add to the
formulation in 50 a constant term and a linear term. The enhanced quadratic approximation
is given by:

ũ = V q +H[q ⊗ q] + C + Lq (61)

where C ∈ RN , L ∈ RN×n. The entries of C, L, and H are simultaneously determined by mini-
mizing the error between the high-fidelity solution and the corresponding linear approximation,
the minimization problem (54) becomes:

min
H,C,L

∥E −HQ−C− Lq∥F (62)

where C = [C, . . . , C] ∈ RN×Ns and q = [q1, . . . , qNs ] ∈ Rn×Ns . This problem also can be
solved row by row as a least squares problem. If we denote Ei, Hi, Li the i

th row of E, H, L
respectively and ci the i

th element of C, the least squares problem for the ith row is:

min
x

∥Ax− Ei∥2 (63)

where A = [1Ns ,q
T , QT ] ∈ RNs×(1+n+n(n+1)/2) and x = [ci, L

T
i , H

T
i ]

T ∈ R1+n+n(n+1)/2.
Finally, if we apply the enhanced quadratic approximation to the test case in (60) with n = 1,

we will retrieve the same performance as the nonlinear compressive RBM with a quadratic
regression model. This is illustrated in table 5.

Table 5: Comparison between quadratic methods

Model Mean L2 Error
Classical RBM (with 2 modes) ≈ 0
Classical RBM (with 1 mode) 0.0012
Quadratic approximation 0.0012
NL compressive RBM with quadratic model 3.6933× 10−12

Enhanced quadratic approximation 3.7027× 10−12

Note that the error in the enhanced quadratic approximation and the nonlinear compressive
RBM with a quadratic regression model is not exactly zero due to the fact that we perform an
SVD on a finite number of snapshots so the modes are not exactly ϕ1 and ϕ2.

6 Conclusion

During this project, we have studied the classical reduced basis method which is the most basic
and widely used reduced order modeling technique. We have seen that this method has some
limitations, especially when it comes to hyperbolic and/or high-dimensional problems. We have
then mentioned some nonlinear approximation techniques to overcome these limitations. We
have focused on the nonlinear compressive RBM, a method that combines the reduced basis
method with machine learning techniques. We have presented the mathematical formulation,
the algorithm, and the implementation of this method. A multi-parameter test case has been
used to illustrate all the presented concepts. Finally, we have compared the nonlinear compres-
sive RBM with another nonlinear approximation technique, the quadratic approximation, for
which we have proposed an enhanced version.

The next step is to apply this method to more realistic test cases, especially hyperbolic
transport problems, and to use more advanced regression models such as neural networks.
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