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Introduction



What is the shape optimisation ?

Figure 1: Geometric shape optimisation principle.

Figure 2: Ellipsoid parametrized.

Parametric optimisation : Finite
number of parameters.

Geometric optimisation :
Modification of the shape
boundary while preserving the
topology

Topology optimisation :
Modifying the shape by changing
its topology



Setup

Qle%fad J(Q,u())

where

() denotes a subset of RY

Q.4 the set of admissible forms.

J is a cost function to be minimised
u solution of a PDE defined on Q2



Geometric Shape Optimisation



Introduction

Let Q be a reference domain (regular open set of R™).
The deformation field 6 :

Q = (Id 4 6)(Q).

Boundary of Q2 :
oN=Tru Ffimed-

Volume conservation and set of admissible forms :

Qag = {Q | Tfigea C O, g(Q) =0} with  g(Q) = [Qf — Q).



Céa’s derivation method

We introduce the following Lagrangian

L:QuaxVxV — R
(Q7UaQ) = J(Q7U(Q)) +E(U7q)’

where FE is the weak formulation of the primal problem.
With VoL = 0, we can find :

1. primal problem.
2. dual problem.

3. the differential of the cost function.



Differentials

Some differentials w.r.t the domain €2 :

Assume that the differential of the cost function is expressed as
DJ(Q)(0) = / 0-nG(Q),
r

where G () is called shape gradient.

The differential of g(2) = |2 — || is given by

Dg(Q)(0) = /F 0-n.



Minimisation via Gradient Descent (GD)
I € Rsuchas DJ(Q)(0) 4+ (Dg(Q)(0) = [0 -n[l+ G(Q)] = 0.
(Qk) 200, =T, U Ffixed-

Qk+1 = (Id + gk)(ﬂk) with

—Af,L, =0 in
0, =0 on Ffized
9k = — [l + G(u)] nk onTy,

fr‘k G(Q)

lg(a,b,c) = alk—1 +b el

€25 [—1€20]
+c 19l -



Minimisation via Null-space Gradient Flow (NSGF)

Transcribes the optimization process as an ODE in the space of admissible
shapes 2,4
& =F(x), € Quq

the vector field F'(x) is composed of two contributions:

a direction & responsible of constraint satisfaction

a direction & 7 responsible of cost function minimization

&= —acéo(r) —as&i(x) =€ Qg

with ¢, oy > 0 constants depending on the discretization of the problem

the two directions £, &7 depend on the differentials of cost and constraint
functions



Geometric Shape Optimisation
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Figure 3: lllustration of the NSGF method taken from [Fep19].



NSGF for shape optimization

Let V' be a Hilbert space. Consider the functions

g:V — RP, Constraint functions
Dg:V — RP, Differential of constraint functions
DgT :RP -V Transpose of Dg
such that
(Dg",&),, =" Dgé V(&) ERP xV
—v2A(Dg" (Q)(e1)) + Dg* () (e1) =0 in Q,
—aDgTéff)(el) =L onT
% =0 onI'fized



Numerical implementation

We define a domain sequence, €2, such that
Qi1 = (Id + 0k) ().

Using the NSGF method, we define the displacement field 6. over all €2, such that

—Af, =0 in Qy,

0k7 =0 on Ffm'ed

P = —acpéo () — aspés () onI'g.
£7() : RN = RN and £¢(Q2) : RY — RY are defined by :

{&(Q)(X) = VJ(Q)(X) — Dg"(Q) [(Dg(2) Dg" (Q)) ' Dg(Q V()] (X),
€c(Q)(X) = Dg™(Q) [(Dg() Dg™ () 1g()] (X).



Choice of o, and a¢

Let ng > 0 the ng-th iteration.

hmin

oy = d TEr@ml= < Mo

n hmin

>
max{ 167 ()l Loo € (Pnglzm ] =10
hmin

a¢,, = min < 0.9, }

" { max{1le-9, [|€c(Qn )|z}

V>0 [ajn€r(Qn)|ze < hmin
V>0 |lacnéc(Qn)|lLe < min{0.9,hmin}



A rigid body in a Stokes flow
T'p i | Tg | i T

Figure 4: 2D representation of the Stokes
problem.

Let's consider a linear flow U and U the
translastion velocity of the body. The fluid
velocity u : RN — R and the pressure
field p : RN — R are solutions of the
Stokes equation

—puAu+Vp =0 in Q,
V-u=0 in O,
u=U onlg,
u=U>® onl'pg.



A rigid body in a Stokes flow

We want to solve the following problem

ot {Ja(Q) - /F o (u, p)n - a}

with n the unit normal outside €2 and o the stress tensor defined by

o(u,p) = —pI + 2pe(u).

[ W] v | o Jux]

ij €4 €; 0

Qij || ej A (z,y,2)T || ei A (m,y,2)T | 0

Cij || e5 A (z,y,2)T e; 0

Table 1: Cost function .J,, associated with the entries of the large strength tensor (see
[MIP22]) as a function of the choice of U, o and U .



Examples of different resistance problems

Ky Ci
[ 1 1
0B e U . u(x) . u(x)
| n (7' | | .
u(x) % U=e °2 U=e,xx
e b
U [ i }
U=e,xx P U™ =xe, P
e, e j u(x)
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Figure 5: Setup of the problem, image taken from [MIP22]



Results
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Figure 6: Optimum shape for K11

Figure 7:

Optimum shape for C11
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Constrained minimisation problem

Let c : RY — R™ be m inequality constraints, which can be written as
c(z) = (cX(z), ..., c™(z)). We seek to solve the following problem:

inf f(x)

zeC

where C = {z € Q C R? | ¢(x) < 0}.



Scalable Constrained Bayesian Optimisation (SCBO)

Figure 8: SCBO algorithm.



Free-Form-Deformation (FFD)

Diffeomorphism :

viDy — (0,1
(x,y,2) = (st,Dp).

_________ Control points :

ol i
¥ 2, Liiw Pliw=14/7
kK

Deformation : v; ; 5 € R? such

as
Figure 9: Uniformly distributed control points with I = 2, J = 2

andpe= Pijk=Plig+Vijk .



FFD

The map of deformation :

J J K
fU%yJJO—d)1(§:§:§:#ﬁf@M%%ZDBmMW)-

Bernstein polynomials :

b (v) = (Af) (1= 7)M-lqt

with M € N*, 1 € 0, M and v € [0, 1].
Products of Bernstein polynomials :

bl (5,1, p) = ] ()07 (£)BL (p).



A rigid body in a Stokes flow

The fluid occupies an infinite domain €2 within
RY. The fluid velocity field u : RV — RN
and the pressure field p : RY — R are
solutions to the Stokes equations:

—pAu+Vp =0 inQ,
V-ou=0 in €,

u="U onTlg,

lull,p — 0 as ||z|| = +oo0.

The set of admissible shapes is
defined as follows:

Quq = {P e RV*M | g(P) =0}

with g(P) = |S(P)| — |So|. For S,
we will consider the unit sphere.

Jnf {Ja(Q) _ /FS o (u,p)n - a} ,

where n denotes the normal vector
to'gand o € RY.

20



Case studies

n® Sym. Sphere  Bounds

1 Yes No  [-2,2]*
2 Yes Yes  [-2,2]%°
3 No Yes  [-2,2]%
4 Yes No  [—4,4]*
5 Yes Yes  [—4,4]%

Table 2: Case studies.

21



Parametric Shape Optimisation

[e]e] o]

Results : K,

Figure 10: K11 shapes : case n°2 (upper left), case n°1 (upper right), case n°2 in gray
surface with case n°4 in black wireframe (bottom left) and, case n°2 in gray surface with case
n°3 in balck wireframe.
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Parametric Shape Optimisation

500e

Results : C};

Figure 11: C'; shapes : case n°1 in black wireframe and case n°2 in grey surface.
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Conclusion and Perspectives




Conclusion Perspectives

Geometric shape Optimisation :
Regularity of the displacement field
Code parallelization

Parametric shape Optimisation :

Number of control points
Space shapes
Code parallelization

Swimming robots with flagella

24
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Calcul de Dg”

Ona
(Dg"(Np, ), =" Dg(N)¢  V(u,¢) eRx V.

Or, en notant ¢ = e; = 1 la base canonique de IR, on obtient

Zung = mDg" (2)(er).

De plus, on prenant i = eq, on a pour tout ¢ dans V'

(Dg"(Q)e1,¢),, = e1Dg(Q)p = Dg(Q)¢

= /Q'yQV (DgT(Q)(el)) Vo + DgT(Q)(el) = o -n.

s

29



Résolution

On souhaite résoudre

/vZVU:vaw: b-m,
Q I's

pour tout ¢ dans V avec U = DgT'(Q)(ey). En appliquant une intégration par
partie, on a

/ (—y*AU +U) -(/5:/ (1—72VU)n-¢—/ VVUn - ¢.
Q I's I's

Enprenant VUn = I# surI's et VUn = 0 surI'z, on se ramene donc a
résoudre le probléme suivant

—v2A(Dg*(Q)(e1)) + DgT () (e1) = 0 dans €2,
9Dg"(M)(er) Hn surT's
oDg" (@)(er) _

on

surl'p 30



Calcul de &

Par linéarité de Dg(£2) et Dg”'(€2), on obtient les résultats suivants :

4(Q) :/dm— Q0] € R,
Q

Dg(Q)Dg"(Q) : R — R,

(Dg()Dg" () '9(2) = 7 Dgi((?l))(e )on
0 1)-n

9(&)
fag DgT(Q)(el) ‘n

£c(Q)(X) = ( ) DgT(9) (1) (X)

31
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Calcul de £,(€2)

Pareil que £ mais avec g(£2) = Dg(Q)(VJ(Q)).

£1(Q)(X) = VJ(Q)(X) - Dg" (DgDg") ™' DgVJ(Q)(X).

&7 dans le cas de Stokes

Joa VI(Q) - n) DgT(e1)(X) .

£1(Q)(X) = VJ(Q)(X) - ( fg DgT(Q) (e1) - n

32



Cantilever

Figure 12: 2D representation of the elastic
cantilever problem.

We want to solve the following problem

Qie%fad {J(Q) = /FN f- u} .

Letu : RY — RY the displacement
solution of

—V.0=0 in Q
o = 2pe(u) + Atr(e(u))l in Q
u=20 onT'p
on=f onT'y
on =0 onT

with o(u) € My (R), A\, u > 0 and
e(u) = 3 (Vu+ Vul) € My (R).
33



Results

hape found for 3D

Optimum s
cantilever with one hole.

Figure 14

hape found for 2D

Optimum s
cantilever with 4 holes.

Figure 13
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Gaussian Process Formulation

A Gaussian Process is fully specified by its mean function x(x) and
covariance function (kernel) K (z, z').

Given observations D,, = (X,,,Y,,), where X, is the input matrix and Y, is
the target vector, we have

F(z) | Dy ~ N (ulx),0%(x))

with

{M(l‘) =3 (z,X,) B, 'Y, 0% (2)
o%(z) = X(z,2) — (2, X)) 2,12 (X, 7)

where 3, = X(X,,, X,,) and X(z, 2') = K (2, 2') + o21.
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